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Abstract. The isomorphism number (resp. isogeny cutoff) of ap-divisible 
group D over an algebraically closed field is the least positive integer m 
such that determines D up to isomorphism (resp. up to isogeny). We 

show that these invariants are lower semicontinuous in families of p-divisible 
groups of constant Newton polygon. Thus they allow refinements of Newton 
polygon strata. In each isogeny class of p-divisible groups, we determine the 
maximal value of isogeny cutoffs and give an upper bound for isomorphism 
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the latter disproves a conjecture of Traverso. As an application, we answer 
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1 Introduction 

Let k be an algebraically closed field of positive characteristic p. Let D be a 
Indivisible group over k. It is well-known that D is determined by some finite 
truncation of sufficiently large level m. This allows to associate to D 

two numerical invariants: The isomorphism number nr, is the least level m 



*lau@math.uni- bielefeld.de 

'''nicole@math.jussieu.fr 

■l' adr ian@ mat h . binghamt on. edu 



1 



such that D[p'"] determines D up to isomorphism, and the isogeny cutoff he, 
is the least level m such that determines D up to isogeny. Q| 

In this paper we study how these invariants of D behave in families and 
how large they can get. As it turns out, the following distance function 
on isogeny classes of j9-divisible groups has closely related properties. The 
distance qd^e between two p-divisible groups D and E over k is the minimal 
non-negative integer m such that there exists an isogeny D ^ E with kernel 
annihilated by p™', while qD,E = cxo if no such m exists. The minimal height 
of D is defined to be qo = qD,Do where Dq is the unique (up to isomorphism) 
minimal p-divisible group in the isogeny class of D. We recall that a minimal 
p-divisible group is characterized by its isomorphism number being 1. 

If k is an algebraic closure of another field k' and if D and E are the inverse 
images of p-divisible groups D' and E' over k', then we define = n^, 
bn' = bn, qD',E' = qD,E, and qd' = Qd- The isogeny cutoffs, isomorphism 
numbers, minimal heights, and distance functions defined in this way for all 
p-divisible groups over fields of characteristic p, are geometric invariants. 

Families 

If ^ is a p-divisible group over an Fp-scheme S, for each point s E S we denote 
by n^(s), and q^{s) the isogeny cutoff, the isomorphism number, and 

the minimal height (respectively) of the fibre If is another p-divisible 
group over S we write q^,g{s) = qs^^^s^. 

Theorem 1.1. Let 3l and S he two p-divisible groups with constant Newton 
polygon over an ¥p-scheme S and let m be a non-negative integer. 

(a) The set Ub^ = {s E S \ &s?(s) < m} is closed in S. 

(b) The set Un^ = {s E S \ nt^{s) < m} is closed in S. 

(c) The set Ug^ = {s E S \ qs^{s) < m} is closed in S. 

(d) The set Ug^ ^ = {s E S \ qsi,^{s) < m} is closed in S. 

It follows that S carries three natural stratifications into a finite number 
of reduced locally closed subschemes associated to ^: The strata of the b- 
stratification are the loci where the function 6^ : N is constant; the 

n- stratification and the q- stratification are defined similarly. 

Let us repeat in words part (d) for m = 0: The set of points of S over 
which the geometric fibres of S) and S are isomorphic, is a closed subset of 
S. When one of the p-divisible groups is constant this is \Oo2\ Thm. 2.2]. 

^This differs from the definitions in [NV2| and [Va3| . which give no = fee = if either 
D or its Cartier dual is etale, while the definitions we use here give always no, > 1. 
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The main step in the proof of Theorem 11.11 is the following going down 
principle: For p- divisible groups over k[[t]] with constant Newton polygon, the 
numbers bo, no, Qd, o-nd qD,E go down under specializations (see Theorems 
I3.11I3.8[[3.9[ and Corollary [33]). To deduce the general case we pass through a 
truncated variant of Theorem ll.lt this allows us to use the fact that truncated 
Barsotti-Tate groups have parameter spaces of finite type. For brevity, in 
this introduction we state only the truncated forms of (a) and (b) as follows. 

We say that a truncated Barsotti-Tate group B of level m over a field 
k' has well-defined Newton polygon if each p-divisible group D over an 
algebraic closure k of k' with isomorphic to Bk-, has Newton polygon 

V. In this case we let 6^ = bo- Similarly, if all p-divisible groups D with 
Z}[p™] = Bi^ are isomorphic, we let = ri/), while hb is undefined otherwise. 

Theorem 1.2. Letm < I be positive integers. Let SS be a truncated Barsotti- 
Tate group of level I over an ¥p-scheme S with well-defined and constant 
Newton polygon v i.e., all fibres of ^ have well-defined Newton polygon v. 

(a) The set Ubgg = {s & S \ baj[s) < m} is closed in S. 

(b) The set Unag = {s & S \ n,ag{s) is defined and < m} is closed in S. 

Here the functions b,^ and riaj are defined as in the case of p-divisible groups. 
Theorems 11.11 and 11.21 are proved in Subsection 14.31 

Explicit upper bounds 

In the following we fix a non-trivial p-divisible group D over k of dimension 
(i, codimension c, and Newton polygon z/ : [0, c + d] ^ M. We are interested 
in upper bounds of 6d and in terms of either u or c and d. We recall that 
an = dim(Hom(Q!p, D)). Let us begin with the isogeny cutoff b^ and let 



Here endpoints of u are considered as breakpoints. 

Theorem 1.3. We have br, < with equality when an < 1. 

This is proved in Section [61 Note that z/(c) < cd/{c + d) with equality 
precisely when v is linear. Thus Theorem 11.31 refines the Traverso isogeny 
conjecture which is proved in |NV2j and which asserts that bo < \cd/ (c + rf)] 
when C(i > with equality for some D of dimension d and codimension c. 
We have a similar upper bound for isomorphism numbers. 

Theorem 1.4. If D is not ordinary, then no < [^'^(c)] ■ 




z/(c) + 1 if (c, z^(c)) is a breakpoint of z/, 
[z/(c)] otherwise. 
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If D is ordinary then ri/) = 1. We refer to Corollary 19.41 for the proof of 
Theorem 11.41 We expect that this upper bound oi n£) is optimal for every 
Newton polygon z/, but in this paper this is proved only if v is linear i.e., if 
D is isoclinic (see Proposition I9.16p . We thus conclude that: 

Corollary 1.5. Assume that cd > 0. Then no < [2cd / {c + d) \ with equality 
for some (isoclinic) p-divisible group D of dimension d and codimension c. 

Our search for upper bounds of no was guided by the Traverso truncation 
conjecture |Tr3l §40, Conj. 4] which predicts that < min{c, rf} if cd > 0. 
This estimate is well-known if min{c, d} = 1. It is verified for supersingular 
p-divisible groups in |NVH Thm. 1.2] and for quasi-special p-divisible groups 
in [Va3l Thm. 1.5.2]; for |d — c| < 2 it follows indeed from Corollary 11.51 
But CoroUarv II .51 also shows that the original conjecture is wrong in general, 
even for isoclinic p-divisible groups; the first counterexamples show up when 
{c,d} = {2,6}. For a fixed positive value of m = mm{c,d}, the natural 
number \_2cd/ (c -|- d)\ can be any integer in the interval [m, 2m — 1]. 

Quantitative upper bounds of ud in terms of c and d can be traced back 
to |Trlt Thm. 3], where the inequality ud < cd + 1 is established. A weaker 
upper bound with a simpler proof can be found in [Tr2[ Thm. 1]. More 
recently, |GVl Cor. 1] shows that ud < cd if cd > 0. 

A key result of |GVj characterises as the minimal positive integer such 
that the truncation homomorphism End{D[p^'^^^]) —>■ End(D[p]) has finite 
image. Using this characterization, we prove Theorem 11.41 in the case a^) = 1 
by a detailed analysis of Dieudonne modules over k. The general case of 
Theorem 11.41 follows by the going down principle, using the fact that D is 
the specialisation of a p-divisible group over k{{t)) with a-number at most 
one and with Newton polygon by |Oolj . It should be noted that the results 
of [GVj and |Va2j also allow a short proof of Theorem 11.21 (b) (see Remark 
I7.12P : we provide as well an independent proof. 

Assume that D is equipped with a principal quasi-polarisation A; thus 
c = d > 0. The isomorphism number n^^x is the least level m such that 
(D[p™], A[p™]) determines (-D, A) up to isomorphism. Based on jGVj and 
Theorem ll.4l we prove in Subsection 19. 4l that w^^a < d; this bound is optimal. 

Relation with minimal heights 

Another approach to bound ud and bo from above is based on the fact that 
an isogeny of D with kernel annihilated by p changes b^, at most by one and 
no at most by two, see Lemma 1^751 and Proposition 19. 8[ It turns out that 
the results on Dieudonne modules used in the proof of Theorem 11.41 also give 
the following upper bound of minimal heights (see end of Subsection 15. 4p : 
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Theorem 1.6. We have qo < [z^(c)J with equality when ao = 1. In other 
words, if Dq is the unique (up to isomorphism) minimal p- divisible group 
over k of Newton polygon v, then there exists an isogeny D ^ Dq whose 
kernel is annihilated by pL'^('=)J, and this exponent is optimal when ao = 1- 

By the new approach, this resuh gives the inequahties ud < 1 + 2[z/(c)J 
and 6_D < 1 + [z^(c)J because udq = = 1- When L2i/(c)J is odd, the first 
of these estimates is precisely Theorem 11.41 while it is off by 1 otherwise. 
The second estimate coincides with the upper bound in Theorem 11.31 except 
when z/(c) is an integer and u is linear at c, in which case it is off by 1 again. 

We remark that the existence of some upper bound of g/) is already proved 
in |Mal p. 44]; see also \Oo2\ p. 270]. The supersingular case of Theorem 11.61 
follows from [NVTl Rmk. 2.6 and Cor. 3.2]. 

Lifting of endomorphisms 

We apply the explicit upper bounds of nu to the lifting of endomorphisms 
of truncations of D and to the level torsion io of D defined in [Va3]. 

There exists a non- negative integer cd, which we call the endomorphism 
number of D, characterised by the following property: For positive integers 
m > n, the two restriction homomorphisms 

End(D) ^ End(Z^[j9"]) ^ End(D[p™]) 

have equal images if and only if m > n + Co. In other words: An endomor- 
phism of D[p"] lifts to an endomorphism of D if and only if it lifts to an 
endomorphism of D[p""'"^^], and is minimal with this property for each 
positive integer n separately, see Lemma [2.11 

Let (M, F, V) be the covariant Dieudonne module of Z^. In Subsection 
18.11 we recall the definition of the level module O C End(M) introduced in 
|Va3j . The level torsion in is the smallest non-negative integer such that 
p^o End(M) C O. H 

These new invariants are related to no as follows (see Subsection 18. 4p : 

Theorem 1.7. If D is a non- ordinary p- divisible group over an algebraically 
closed field k, then we have ud = Ed = er,. 

If D is ordinary we have ra^i = 1 and = = 0. We assume now that D 
is not ordinary. In [Va3j it was shown that ti_d < and that the equality 

^This differs from the definition in [Va3| . which gives (.d — 1 if -D is ordinary and 
cd > 0, while the definition we use here gives f^i = when D is ordinary. 
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holds if D is a direct sum of isoclinic p-divisible groups; the equahty was also 
expected to hold in general therein. In this paper, we prove the inequalities 

no < eo < < no- 

The second inequality e£) < is not too difficult. The other two inequalities 
use again the [GVj characterization oi hd mentioned above. Then no ^ 
is immediate, but the inequality Ed < is a lot more involved. 

Together with the upper bound of Theorem 11.41 we obtain the following 
effective lifting of endomorphisms, which answers a question of Th. Zink. 

Corollary 1.8. Let v and c he the Newton polygon and the codimension 
of D. Let n he a positive integer. An endomorphism of D[p'^] lifts to an 
endomorphism of D if and only if it lifts to an endomorphism of D[p'^'^^'^'^^'^^^]. 

For similar results on homomorphisms we refer to Subsections 18.41 and 
19. 1[ As a special case, for each G N we compute the minimal number 
such that for every two p-divisible groups D and E over k of height at most 
h, a homomorphism D[p"'] lifts to a homomorphism D ^ E if and 

only if it lifts to a homomorphism D[p^~^'^''] E[p^^'^'']: By Proposition 
[920] we have Nh = [h/2\. 

Terminology. A BT group of level n is a truncated Barsotti-Tate group 
of level n. We denote by N* the set of positive integers. 

2 Preliminaries 

We begin with a lemma on homomorphisms. 

Lemma 2.1. Let D and E he p-divisihle groups over k. 

(a) For each positive integer n there exists a non-negative integer cu^Ein) 
with the following property: For e G N, the two restriction maps 

Rom{D,E) }iom{D[p% EIp""]) ^ Hom(D[p'^+"], E[p"+^]) 

have equal images if and only if e > eD,E{n). 

(h) The numher Cn^Ei'^) does not depend on n. 

(c) There exists an upper hound of eD,E{n) in terms of the heights of D 
and E. 
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Proof. For (a) and (c) we refer to |Uo2l Prop. 1.6] or [ VaU Thm. 5.1.1 (c)]. 
We prove (b). Let = Hom(D, E). For neW let H„ = Hom(D[p''], ^[p"]). 
Following |GVl Subsect. 2.1], we have two exact sequences 

Hoo Hoo Hi, ^ Hn Hn+i —>■ Hi, 
where in maps u G Hn to the obvious composition 

For m e N U {oo} with m > n let ifm,n be the image of H^ —>■ H^. One 
deduces a homomorphism of exact sequences with vertical injections: 

> H^^n > Hoo,n+l > Hoo^l > 



> Hn+e,n ^ -f^n+l+e,n+l > 

The snake lemma implies that eD,s(^) < ei:),£;(n+l) < max{eD,£;('^), eD,£;(l)}- 
By induction on n G N* we get that eD,E{n) = eD,£;(l)- Thus (b) holds. □ 

Lemma 12.11 (b) allows to define: 

Definition 2.2. The homomorphism number eD,E E N oi D and E is the 
constant value of eD,E{n) for n G N*. The endomorphism number of D is 
defined as = eo^n- 

By Lemma [2TT] (c). for /i G N there exists a minimal number A^^ G M such 
that for every two p-divisible groups D and E over k of height at most h we 
have eD,E < -^ft- In Proposition I9.20[ we will see that N^, = [h/2\. 

We continue with a formal version of the numerical invariants and Bd. 

Definition 2.3. Let D he a p-divisible group over k. The isomorphism 
number flu (resp. the isogeny cutoff be) is the smallest non-negative integer 
m with the following property: If ii^ is a p-divisible group over k such that 
i?[p'"] is isomorphic to D[p™], then E is isomorphic (resp. isogenous) to D. 

Such integers m exist, for example m = 1 + A^^ if D has height h. Thus Bd 
and n^i are well-defined. The following properties are easily established. 

Lemma 2.4. For a p-divisible group D over k let D"^ be the Cartier dual of 
D and let D = D^^ x D° be the canonical product decomposition, where D'^^ 
is Stale and D° is connected. We have: 

(a) 1 < 6d < no; 

(b) hi) = bo'J and ud = no"^ ; 

(c) bo = bD° and no = nD°- 
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In particular, if D is ordinary, then h£, = n£, = 1. Similarly, if min{c, d} = 1, 
then bn = riD = 1 because all one- dimensional connected p-divisible groups 
of given height are isomorphic (see |Del Ch. IV, Sect. 8, Prop.]). Thus the 
invariants bo and tid are interesting only when min{c, d} > 2. 

We consider the following distance function in isogeny classes. 

Definition 2.5. Let D and E be two ]9-divisible groups over k. If D and E 
are isogenous, then their distance qD,E is the smallest non-negative integer 
m such that there exists an isogeny p : D —>■ E with Ker(p) C D[p"^]. If D 
and E are not isogenous we define qD,E = oo. 

Again, the following is easily checked. 

Lemma 2.6. The following properties hold. 

(a) We have qD,E = if and only if D and E are isomorphic. 

(b) We have qD,E = qE,D = qD'^,E^- 

(c) IfqD,E < oo, then qD,E = qD°,E°- 

Recall that a p-divisible group D over k is called minimal if End(D) is a 
maximal order in End(D)®Q; this is equivalent to the condition ud = 1- For 
each p-divisible group D over k, there exists a unique (up to isomorphism) 
minimal p-divisible group Dq over k isogenous to D. See |Oo3l Subsects. 1.1- 
1.2] and |Va31 Thm. 1.6] for these facts. Thus following |NV2] we define: 

Definition 2.7. The minimal height of D is qo = (1d,Do- 

As {DqY and {Do)° are also minimal. Lemma [2.61 implies that 

qo = ^-D^ = Qd° ■ 

We have the following permanence properties. 

Lemma 2.8. Let k C k, be an extension of algebraically closed fields. For 
p-divisible groups D and E over k we have: 

(a) Hom(D, E) ^ Hom(Z},, E^); 

(b) qD,E = qD^,E^ and qo = qn^i 

(c) eD,E = eD^,E^- 

Proof. Part (a) is well-known, and (b) follows from (a). For positive integers 
m > n, let Hm,n be the (scheme theoretic) image of the reduction homomor- 
phism Bxym{D[p™-], E\p"^]) — >• Bx)m{D[p^], E[p^]). We have eD,E > m — n ii 
and only if Hm,n(^) = ^i,n{k) for all integers I >m. As Hm,n is of finite type 
over k and as its definition is compatible with the base change k ^ k,, we 
get (c). □ 

The identities no = tid^ and bo = &z)„ also hold, cf. Corollary 14.81 below. 
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3 The going down principle 

In this section, we prove Theorem II .11 in the case S = Spec k[[t]]. By standard 
arguments this imphes that the functions n^, b^, q^, and q^^^ go down under 
speciahzation when the base scheme is noetherian. 

3.1 Distances and minimal heights 

Going down of distance numbers follows from the constancy results of [UZj : 

Theorem 3.1. Let R = k[[t]], let K = k{{t)), and let K he an algebraic 
closure of K . If ^ and S are p- divisible groups over R with constant Newton 
polygon v, then 

Proof. Let R be the normalization of R in K. By \0Z\ Cor. 3.2] there exist 
p-divisible groups D and E over k and isogenies 

Let m = q&j^,Sj^- Note that m < cxd. By definition there exists an isogeny 
'■ ~^ with kernel annihilated by p^ . As Hom(D,ii^) is equal to 
Hom(L'^, E"^), the composite quasi-isogeny over K 

Xk : ^ ^ cffj, E^ 

is defined over k i.e., it arises from a quasi-isogeny x '■ D ^ E. Hence 
extends to a quasi-isogeny over R 

^■.^n^Dn^En^<ffn. 

As ^ and p"^^'^ are isogenies over K, by the well-known Lemma (3.21 below 
the same is true over R. As the residue field of the local ring R is k, the 
special fibre of ^ is an isogeny '■ ^ with kernel annihilated by p™, 
which implies that < m as required. □ 

Lemma 3.2 ( |RZl Prop. 2.9]). For a quasi-isogeny x '■ ^ ^ ^ of p- divisible 
groups over a scheme T of characteristic p, there exists a unique closed sub- 
scheme To C T such that a morphism T' —>■ T factors through Tq if and only 
if Xt' is an isogeny. 

Corollary 3.3. With R and K as in Theorem \3.1\ for a p-divisible group Qi 
over R with constant Newton polygon v we have 
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Proof. Let Dq be the minimal p-divisible group over k with Newton polygon 
z/ and apply Theorem 13.11 with S = Dq x gpec k Spec R. □ 



Remark 3.4. The proof of Theorem 13.11 could also be formulated in terms 
of Dieudonne modules over the perfect ring R. Then the reference to |UZj 
can be replaced by [Kal Thm. 2.7.4]. Here one only needs to know that to 
a p-divisible group over R one can associate a Dieudonne module (by [Bej 
Cor. 3.4.3] this association is actually an equivalence of categories). 

3.2 An auxiliary family of j9-divisible groups 

The following general construction is used in the proof of going down for 
isogeny numbers, but we prove more than is actually needed. 

Lemma 3.5. Let 3l he an infinitesimal j)- divisible group of height h over an 
affine ¥p-scheme X and let m > 1 be an integer. Then there exists a vector 
bundle Y ^ X of rank and a p-divisible group S over Y such that the 
following three properties hold. 

(i) If : X ^ Y denotes the zero section, then we have o*S = Ql . 

(a) If 71 : Y ^ X denotes the projection, then we have (S'[p"^] = 7i*^[p"^]. 

(Hi) For each geometric point x : Spec k, X , every BT group B of level 
m + 1 over k, with B[p"^] = x*^\p^\ is isomorphic to y*(S'[p"^^^] for some 
geometric point y : Spec k ^ Y with it o y = x. 

The proof uses displays. For a commutative ring R with unit, let W{R) be 
its p-typical Witt ring, and let Ir be the kernel of the projection W{R) — > R. 
The Frobenius endomorphism of W{R) is denoted by a. 

Let us first recall how the display of a p-divisible group over k is related 
to the covariant Dieudonne modules of its truncations. For a positive integer 
n, let Wn = Wn{k) be the truncated Witt ring, and let Woo = W{k). A 
Dieudonne module over k of level nGN*U{oo}isa triple (P, F, V) where 
P is a free W„-module of finite rank, P : P — P is cr-linear, V : P ^ P 
is (T~^-linear, and we have FV = VF = p. If n = 1, we require that 
Ker(P) = Im(\^). A different way to represent these objects is the following. 

Definition 3.6. Let n G N* U {oo}. A display over k of level n is a collection 
(P, Q, L, e, Pi), where P and Q are free PVn-modules of the same finite rank, 
where l : Q P and e : P ^ Q are VF„-linear maps with te = p and et = p, 
and where Pi : Q ^ P is a a-linear isomorphism. For n = 1, we require that 
Ker(£) = Im(t). 
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For n G N*U{oo}, Dieudonne modules of level n are equivalent to displays 
of level n via the association {P,Q, L,e, Fi) {P,F,V) with F = Fie and 
V = lF^^ . On the other hand, Dieudonne modules of level n are equivalent 
to BT groups of level n over k. These equivalences are compatible with the 
natural truncation operations on all sides. Displays of level oo are equivalent 
to (not necessarily nilpotent) displays over k in the sense of |Zilj because for 
n = oo we can identify Q with the iy„-submodule l{Q) of P. 

The essence of the proof of Lemma 13.51 is the following. Assume that for 
n e N* we want to lift a display {P,Q,L,e,Fi) over k of level n to a display 
{P',Q',L',e',F{) over k of level n + 1. It is easy to see that the quadruple 
(P', Q', l', e') is uniquely determined up to isomorphism and thus we can fix 
it. The set of lifts F[ of Fi is a principally homogeneous space under the 
fc- vector space of cx-linear maps Q p^p' ^ P/pP. 

Proof of Lemma 1 5'. 51 Let X = Spec R. We recall that the category of in- 
finitesimal p-divisible groups over R is equivalent to the category of nilpotent 
displays over R, cf. |Zilj and [Laj . Let ^ = (P, Q, F, Pi) be the nilpotent dis- 
play over R associated to ^ i.e., ^ = BT{^) in the sense of |Zill Thm. 81]. 
We choose a normal decomposition P = J©T of finitely generated projective 
VF(P)-modules such that Q = J ® IrT. Let \E' : P ^ P be the associated 
(T-linear automorphism given by Pi on J and by P on T, cf |Zilt Lemma 9]. 

Let E = Endw{R){P)- We define Y = SpecP' to be the vector bundle 
over X associated to the projective P-module E = E/IrE, in other words 
R' = Sym*(P^). Here P^ = B.omR{E,R) is an P-module isomorphic to E. 
For a W^(P)-module M we write Mr> = M ®w(r) W{R'). 

Let u = id G P <^r P^ C P (S>_r R' be the tautological section. Let u G E^' 
be a lift of u that maps to zero under the W^(P)-linear map Pr' —>■ E induced 
naturally by the zero section of Y. Let ^ = {Pr', Jr' © Ir'Tr', P, Pi) be the 
display over R' such that the associated operator \E' : Pr/ Pri defined in 
terms of the normal decomposition Pri = Jri®Tri is equal to \E'®1vi/(_r')+P™'S 
(here we identify Eri = Eiadw{R'){PR'))- Then ^ is again a nilpotent display 
because the nilpotency condition depends only on \^ modulo p. Finally let 
S' = BT[^) be the associated p-divisible group over Y . 

We have to verify that properties (i) to (iii) hold. Condition (i) follows 
from the construction. The discussion preceding this proof implies that (iii) 
and the following weakening of (ii) hold (they suffice for our application). 

(ii') If yi, ?/2 : Spec k ^Y are geometric points with equal image in X(k), 
then there exists an isomorphism yl<S[p'^] = 

Condition (ii) follows from the following general lemma. □ 



11 



Lemma 3.7. Let R be a ring in which p is nilpotent and let 



^ = {P,Q,F,Fi) and ^' = {P,Q,F' ,F[) 

he two displays over R with the same W{R)-modules. For a given normal 
decomposition P = J ®T i.e., Q = J ® IrT, let^! : P ^ P (resp. : P ^ 
P) he the associated a -linear automorphism given hy Fi (resp. F[) on J and 
hy F (resp. F' ) on T. If ^' — ^ = p"'fl for a a -linear map fl : P ^ P, then 
there exists an isomorphism 

Proof. Let P2 — P ® P and Q2 — Q ® Q with the induced normal decom- 
position P2 = J ®T ® J ®T and Q2 = J ® IrT J © IrT. We define two 
displays J?^ and ,J^' with the same underlying modules Q2 ^ P2 such that 
the associated operators ^' with respect to these normal decomposition are 

= (0 = (o I) 

as block matrices for P2 = P ® P. The matrix V = ( ? p" ) defines an 
isomorphism F : = J^. Indeed, as F respects the normal decompositions, 
this is equivalent to the relation F\E'^/ = ^jfT) which is easily checked. 
Moreover, there exist homomorphisms of displays 

e : JT ^ ^ e and O' : JT' ^ =^ © ^' 

given by the matrices = {'^q {) and 6' = ( 1 p" ) ; the required relations 
= © ^')e and ©'^^' = © '^')Q' are easily verified. We have 
©F = Consider the following homomorphisms of complexes of displays. 

e:^ ^ [jT' ^ ^ © ^ ^ ^ © A ^ ^] 

The middle isomorphism is given by F : = ^ and the identity of ^©^'. 
The homomorphism m is x 1— > (x, 0) in both degrees, while m' is a; 1— > (0, x) in 
both degrees. We have an exact sequence of complexes of displays 

^ ^ ^] ii. [JT ^ ^ © ^ ^ 

and a similar one with the roles of u and taken by u' and 0'. As the functor 
BT preserves exact sequences, it follows that BT{u) and BT{u') are quasi- 
isomorphisms of complexes of fppf sheaves. Thus [p" : BT{^) — > BT{^)] 
is quasi-isomorphic to [p" : BT{^') — > BT{^')], and the lemma holds. □ 
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3.3 Isogeny numbers 

Theorem 3.8. Let R = k[[t]] and let K be an algebraic closure of K = k{{t)). 
For every p-divisible group 3i over R with constant Newton polygon u we have 

Proof. We can assume that ^ is infinitesimal because there exists an exact 
sequence of p-divisible groups — — ^ — 0, where is etale 
and is connected. Then ^° is infinitesimal because its Newton polygon 
is constant. By Lemma [2. 4[ we can replace ^ by 

We show that the assumption b^^, > b(g^ leads to a contradiction. We can 
assume that 6^^, has the following maximality property: For each p-divisible 
group S^' over R of constant Newton polygon v with = 6^^, we have 
b&f, > b^i'^. Let m = b^j_ — 1 > 0. We consider a vector bundle vr : F — > X 
and a p-divisible group over Y such that properties (i) to (iii) of Lemma 
13.51 hold. Note that Y = Speci?[ti, . . . ,t/i2], as R is local. 

We claim that ^ has constant Newton polygon v. Let Y^ (^Y he the v- 
stratum of the Newton polygon stratification on Y defined by As ^[p™] = 
7r*^[p™'] and as m > 65?^ by assumption, Y^ contains all the ^-valued points 
of the generic fibre Y^ and thus it contains Yk- In particular, Y^ is the 
unique open stratum. Moreover, Y^ contains the image of the zero section 
o : X — > y as o*S' = Qi . Hence the complement of Yy in Y has codimension 
> 2. By the (weak) purity theorem for Newton polygon strata (see [dJOj 
Thm. 4.1], jVaTl Thm. 1.6], or [Zi2]) we get that F = as claimed. 

Next we consider the function bg -.Y As S'[p'^] = 7r*^[p™], the 

relation b^^ < m implies that bgiy) = bc^^ for all closed points y G Yk, and 
the relation 6^^, > m implies that bs{y) > rn for all closed points ?/ G Ffc. By 
the maximality property of b^^ it follows that bff{y) = m + 1 for all closed 
points y & Yk. As S' has constant Newton polygon, from the property (iii) 
of Lemma 13.51 we get that b^^ < m. Contradiction. □ 

3.4 Isomorphism numbers 

Theorem 3.9. Let R, K , and K be as in the previous theorem. For every 
p-divisible group ^ over R with constant Newton polygon v we have 

Proof. As in the proof of Theorem 13. 8l we can assume that ^ is infinitesimal. 
Let m = uc^^. Let E he & p-divisible group over k such that E\p'^] is 
isomorphic to ^^[p'"]. By [Till Thm. 4.4 f)] there exists a p-divisible group 
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over R such that S'k = E and <g[p'^] = ^[p™]. By the choice of m, the 
last isomorphism imphes that S'j^ and are isomorphic. Thus = 0. 

By Theorem 13.81 and Lemma 12.41 (a) we have b^^, < b^^ < m. Therefore S'k 
and have the same Newton polygon, which implies that has constant 
Newton polygon p. As q&j^,^^^ = 0, from Theorem 13.11 we get that q&f.,E = 
i.e., E is isomorphic to ^k- Thus n^^, < m. □ 

4 Semicontinuity 

In this section, we prove Theorems 11.11 and 11.21 

4.1 Lifting the level of truncated BT groups 

Assume that n > m > 1 are integers. Let <^ be the algebraic stack of BT 
groups of level n and let r : ^ — > be the truncation morphism. 

Definition 4.1. Let =^ be a BT group of level m over a scheme X. An 
exhaustive extension of ^ to level is a BT group ^ of level n over an X- 
scheme Y together with an isomorphism My — ^[p™] such that the induced 
morphism Y ^ X x_^-^ 5^^ is surjective on geometric points. 

It is easy to see that each SS over X as above has an exhaustive extension 
to level n over an X-scheme Y of finite type. Namely, if Z ^ is a smooth 
presentation, we can take F = X x Z. As r is smooth and surjective by 
(Illt Thm. 4.4], y — i> X is smooth and surjective too. With more effort, one 
can arrange that the universal BT group of level n over Z (and thus also the 
exhaustive extension ^ over y) comes from a p-divisible group, see |NVW1 
Prop. 2.3]. Here we need only the following consequence of this fact, which 
can be deduced from the previous case by a limit argument; we note that if 
Z is chosen affine then the above morphism F — »• X is affine. 

Lemma 4.2. For a BT group SS of level m over a scheme X there exists 
a faithfully flat affine morphism "K — >■ X and a p-divisible group ^ over Y 
such that SSy ^ &\p"\ 

Next we show that having a unique lift (up to isomorphism or up to 
isogeny) is a constructible property of truncated BT groups. 

Proposition 4.3. Let SS be a BT group of level m over a scheme X and let 
n > m be an integer. There exists a constructible subset U of X such that a 
geometric point x : Spec/t — ^ X lies in U{k) if and only if all BT groups of 
level n over k, which extend the geometric fibre SS^, are isomorphic. 
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This includes the following invariance under field extensions. 

Corollary 4.4. Let k k be an extension of algebraically closed fields. A 
BT group B of level m over k extends uniquely to level n (up to isomorphism) 
if and only if B^ extends uniquely to level n (up to isomorphism). □ 

Proof of Proposition \4-^ We can assume that X is of finite type over Spec Z. 
Let Y ^ X he a, morphism of finite type such that over Y there exists an 
exhaustive extension ^ of ^ to level n. Let = y x^^^, let pi,p2 '-Y' —^Y 
be the two projections, and consider 

Z = Isomfp*'^, r)*r,^) ^ Y'. 

Let x G X be the image of x : Spec k — > X. The geometric fibre extends 
uniquely to level n (up to isomorphism) if and only if the geometric fibre 
ipx '■ ^ Y^ is surjective on K-valued points, which is equivalent to the fibre 
ipx '■ ^ Y^ being surjective. Hence ?7 is a well-defined subset of X, and 
X \ [/ is the image of Y' \ \m.{ip) X. As X, Y' , Z are of finite type, U is 
constructible by Chevalley's theorem. □ 

Proposition 4.5. Let SS be a BT group of level m over an ¥p-scheme X . 
There exists a constructible subset U of X such that a geometric point x : 
Spec K — > X lies in U {k) if and only if the geometric fibre SS^ has a well- 
defined Newton polygon. 

We recall that J3§x has a well-defined Newton polygon if all p-divisible 
groups over k that extend are isogenous. Proposition 14.51 includes the 
following invariance under field extensions: 

Corollary 4.6. Let k G n be an extension of algebraically closed fields. A 
BT group B over k has a well-defined Newton polygon if and only if B^ has 
a well-defined Newton polygon. □ 

The proof of Proposition 14.51 uses the following standard fact. 

Lemma 4.7. Let be a BT group of level n over an ¥p-scheme X such that 
for each geometric point x : Spec k ^ X , the geometric fibre SS^ has a well- 
defined Newton polygon v{x). If x G X is the image of x, then := ulx) 
is well-defined. Moreover, for each Newton polygon v the set Xy = {x G X | 
v{x) -< i>} is closed is X. 

We recall that u' ^ u ii and only if the polygons z/' and u share the same 
endpoints and all points of u' lie on or above u. 
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Proof. As Newton polygons of p-divisible groups are preserved under ex- 
tensions of the base field, z/(a;) is well-defined. By Lemma 14.21 there exists 
a faithfully fiat affine morphism / : F — > X such that extends to a 
p-divisible group ^ over Y. Then 7T^^{X,y) is the set of points where the 
Newton polygon of ^ is ^ u, which is closed in Y by |Kat Thm. 2.3.1]. It 
follows that Xj, is closed in X as / is faithfully flat. □ 

Proof of Proposition \4.5\ We can assume that X is of finite type over Spec ¥p. 
Choose n G N* such that for each geometric point x : Spec k, ^ X and every 
p-divisible group D over n that extends we have ho <n. This is possible 
because ^ has bounded height. Let Y X he a. morphism of finite type 
such that over Y there exists an exhaustive extension of to level n. 
For y G F let v{y) be the well-defined Newton polygon of the fibre '^y. By 
Lemma 14.71 the set Y'^ = {y E Y \ v{y) ^ u} is locally closed in Y. Let 
f/j, C X be the complement of the image of y X. This is a constructible 
set by Chevalley's theorem. The required subset U of X is the union of all 
f/j,, which is constructible because only finitely many f/j,'s are non-empty. □ 

Corollary 4.8. Let k (1 n be an extension of algebraically closed fields. For 
a p-divisible group D over k we have n^, = and bu = bj:,^. 

Proof. Corollary 14.41 applied io n = max{r;,/5, n/j^} and B = D[p"^] with 
m = mm{n]j,nD^} gives ud = n^,^. Corollary 14.61 applied to B = Dlp'"^] 
with m = m.m{bD, bf)^} gives bo = br,^. □ 

4.2 Distances of truncated BT groups 

In order to deduce semicontinuity from the going down property we need to 
also define distance numbers for truncated BT groups. 

Definition 4.9. Let B and C be truncated BT groups of level n over a field 
k' with algebraic closure k. The distance qb^c is the smallest non-negative 
integer m such that there exist homomorphisms -B^ Ck and Ck — ^ B^ 
whose kernels are annihilated by p"*. 

If k' is a field extension of k', then we have qB,c = Qb^i,c^i- This can be 
viewed as a consequence of the following semicontinuity proposition. 

Proposition 4.10. Let ^ and ^ be truncated BT groups of level n over 
an ¥p-scheme X. There exists a constructible subset U of X such that a 
geometric point x : Spec k ^ X lies in U{k) if and only if q.^j^Xx — ^■ 
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Proof. We can assume that X is of finite type over SpecFp. Let 

Z C Hom f^, ^) X Hom(^, ^) 

be the subscheme of all pairs (/, g) such that annihilates both Ker(/) and 
KeY{g). This is a closed subscheme. The set U is the image of Z — > X, which 
is constructible by Chevalley's theorem. □ 

Proposition 4.11. Let h E N. Let D and E be p-divisible groups over k of 
height at most h. Let B = and C = E[p^] for some n G N*. 

(a) We have qB,c < (lD,E- 

(b) IfqB,c <n-Nh, then qB,c = qD,E- 
The number is defined in Section [21 

Proof, (a) Let m = q^^E and let p : D E he an isogeny such that Ker(p) 
is contained in D[p"^]. The isogenies p and p"^p~^ induce homomorphisms 
B ^ C and C ^ B with kernels annihilated by p™; thus g^.c ^ 

(b) Let m = qB,c and let / : -B — > C and g : C —>■ B he homomorphisms 
with kernels annihilated by p™. We must show that qD,E < n^'- By the 
choice of A^^, there exist homomorphisms f : D ^ E and g' : E ^ D 
which coincide with / and g on Z}[p"~^^] and E\p^~^'^] (respectively). As 
m < n — Nh it follows that Ker(/') = Ker(/) and Ker(5f') = KeT{g) are 
annihilated by p"^, see Lemma [4.121 below. Hence qD,E < m a.s required. □ 

Lemma 4.12. For a positive integer I, let B and C be truncated BT groups 
over k of level / + 1. Let f : B ^ C be a homomorphism with restriction 
fi : B[p^] ^ C[p\ IfKeiifi) C B[p^-^], then we have Ker(/) = Ker{fi). 

Proof. If X G Ker(/), then px G Ker(/i), thus px G B[p'-^^] by the assump- 
tion. Hence x G -B[p'], which implies that x G Ker(/i) as x G Ker(/). □ 

4.3 Proof of the semicontinuity results 

Proof of Theorem \1.2[ Let □ G {n, b}. The set Un^ is functorial in the sense 
that for a morphism n : S' ^ S we have TT~^Un^ = Uu^,f^agy here we use 
Corollary 14. 8[ Thus we can assume that 5* is of finite type over SpecFp. 
The set U^^ (resp. f/„^) is constructible because it coincides with the set 
U associated to SS\p^\ in Proposition 14.51 (resp. in Proposition 14.31 applied 
with sufficiently large n). Hence it suffices to show that ?7n^ is stable under 
specializations. To prove this we can assume that S = SpecA;[[t]] for some 
algebraically closed field k; here we use functoriality again. By [Till Thm. 4.4] 
there exists a p-divisible group ^ over S that extends As for s G S" 
we have b^^ = b^^, and riag^ = when ns,^ < I while uag^ is undefined 
otherwise, Theorem 11.21 follows from Theorems 13.81 and 13.91 □ 
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For distance numbers we have the following analogue of Theorem ll.2[ 

Theorem 4.13. Let SS and ^ be truncated BT groups of level n over an Fp- 
scheme S with well-defined and constant Newton polygons and height < h. 
For each non-negative integer m < n — the set 

Uqg,,^ = {se S \ q.^,^4s) < m} 

is closed in S. Here we write qa^':g'{s) = q,^^^^ as usual. 

Proof. We can assume that 5* is of finite type over SpecFp. The set Uq^^ 
is const ructible, cf. Proposition I4.1U[ Thus, as in the preceding proof, we 
can assume that S = Spec k[[t]\ and that J3§ = and ^ = S\p"'\ for 

p-divisible groups 3i and S over S. By Proposition 14.111 for s G we have 
s G Uqag eg if and only if g^^,^^ < m. Thus ?7g^ ^ is stable under specializations 
by Theorem 13.11 We conclude that t/g^g ^ is closed in S. □ 

Proof of Theorem M.li We can assume that S is quasi-compact. Then S> and 
£' have height < h for some integer h. We choose an integer / > m such that 
&[p^] = SS and = ^ have well-defined (necessarily constant) Newton 
polygons. Then the sets Ub^ and f/„g, coincide with the sets Ub^ and f/„^ 
(respectively) considered in Theorem II. 2[ which implies that Ub^ and f/„g, 
are closed. Clearly (c) follows from (d). To prove (d) we assume in addition 
that I > m + Nh. By Proposition 14.111 it follows that Uq^ g coincides with 
the set Uqgg ^ in Theorem 14.131 which implies that Uq^ g is closed. □ 

5 Complements on Dieudonne modules 

In this section we collect several properties of Dieudonne modules which will 
be used later to study and ho- The results of Subsections 15.11 and 15.21 are 
either well-known or trivial. Subsections 15.31 and 15.41 are more involved and 
contain new material. 

In this section, to be short we write W = W{k) and B{k) = W{k)[l/p]. 
Let a : W ^ W he the Frobenius automorphism and let v : B{k) ZU{oo} 
be the p-adic valuation. Let B{k){F, F~^} he the non- commutative Laurent 
polynomial ring and let 

D = B{k){F,F-^}/I 

where / is the two-sided ideal generated by all elements Fa — a{a)F with 
a G B{k). Let V = pF'^ G D and let E = W{F, V} as a subring of D. 
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5.1 Valuations on Frobenius modules 

A valuation on a H^- module M is a map w : M ^ M. U {00} that has the 
following two properties: 

(i) w{ax) — v{a) + w{x) for all a e 1^ and x E M; 

(ii) w{x + y) > mm{w{x),w{y)} for all x,y & M. 

The valuation is called non-degenerate if w{x) — 00 implies that x — 0. 
It is called non-trivial if w{x) 7^ 00 for some x e M. One can assume 
that the torsion submodule Mtors of M is zero because w always factors 
through M/Mtors- Valuations on M extend uniquely to valuations on Mq = 
M ®w B{k). If M is a 5(A;)-vector space, then (i) holds for all a e B{k). 

Definition 5.1. Let w be a valuation on a W^-module M. A direct sum 
decomposition M = 0^^^ is called valuative if we have 



when rrii e Mj with almost all rrii — 0. A 1^-basis or B{k)-hetsis of M is 
called valuative if the associated direct sum decomposition into modules of 
rank one is valuative. 

A direct sum decomposition M — 0jgj is valuative if and only if w 
is minimal among all valuations of M that coincide with w on each Mi. A 
direct sum decomposition of M is valuative if and only if the induced direct 
sum decomposition of Mq is valuative. 

Definition 5.2. A pair (M, F), where M is a VF-moduIc and F is a cr-linear 

endomorphism of M, is called a Frobenius module (over k). A valuation w 
on M is called an F-valuation of slope A e M if for all a; e M we have 



An F-valuation on M extends uniquely to an F-valuation on Mq. We 
view each left D-module as a Frobenius module. For each A e R there exists 
a unique F-valuation wx on D of slope A such that the i?(/c)-basis (F*)jgz of 
D is valuative and we have wa(1) = 0. It is given by the formula 



when Ci € B{k) with almost all Cj = 0. This can also be expressed in terms 
of Newton polygons. For a non-zero element $ e D its Newton polygon z/$ 




w{Fx) — w{x) + A. 
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is defined as follows. Write $ = 'YlT=n^i^~^ with n < m and G B{k) 
such that a„ 7^ and 7^ 0. Then i^<j, : [n, m] ^ M is the maximal upper 
convex function such that v{ai) > for each integer i G [ri, m]. For 

A G M let i/$_A : M — >■ M be the maximal linear function of slope A such that 
v{ai) > i^isi^xli) for each integer i G [n, m]. For t G [n,m] we have 

z/$(t) = max{z/$_A(i) I A G M}, 

and the functions 1^$,^ are maximal with this property. We have 

(5.1) wa($) = z/<i>,a(0). 

In the following let be a left D-module of finite dimension over B{k). 

Lemma 5.3. There exists a non-degenerate F -valuation of slope X on N if 
and only if N is isoclinic of slope A. When N is simple of slope X, then any 
two non-trivial F -valuations on N differ by the addition of a constant. 

Sketch of proof . Use the facts that N has a B{k)-hasis consisting of elements 
X with F^^{x) = p'''^x for some integers s^; 7^ and r^, and that is isoclinic 
of slope A if and only if we have = Xsx for all x in the i?(A;)-basis. □ 

Lemma 5.4. Let N be as above and let A G M. We consider a free W- 
submodule M G N with Mq = N. Let W be the set of all F -valuations w of 
slope X on N with w{x) > for all x G M . Then W has a minimal element 
Wo i.e., we have Wo{x) < w{x) for all w & W and x E N . The valuation Wo 
is non- degenerate if and only if N is isoclinic of slope X. 

Proof. For x G let Wo{x) = min{w{x) \ w G W}. Then Wo is an F- 
valuation on of slope A. The last assertion follows from Lemma [5.31 □ 

Let A^ be as above. For an F-valuation u; on A^ of slope A we consider 
the W^-submodules of A^ defined for a G M by: 

Let gr^'N be the fc-vector space N'"^"' / N'">°' . 

Lemma 5.5. Let $ G D &e a sum $ = Yliez^i-^^ with Ci G B{k) such 
that only a finite number of them are non-zero. Let 6 = wa($). Then the 
multiplication by $ induces a group homomorphism 

: gr'^N gr°-^^N 

which is surjective with finite kernel. 
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Proof. Clearly $(A^"'^") C Ar"'>"+'5 and $(Ar"'>«) c Ar"'>°+'5. The induced 
homomorphism does not change if we omit from $ all terms e^F* with 
f (cj) + iX > 6. As the validity of the lemma is invariant under multiplying $ 
with integral powers of F or with non-zero elements of B{k), we can assume 
that 6 = and that $ = 1 + ^j^jij* e^F* with Cj e -B(fc) such that only a 
finite number of them are non-zero and v{ei) = —iX for all non-zero ej. Then 
<i>Q, can be viewed naturally as an etale homomorphism of vector groups over 
k, and the assertion follows. □ 

For later use we record the following elementary fact. 

Lemma 5.6. Let a,a' E M. be such that gr'^N ^ 0. The minimal non- 
negative integer m such that p^^N^^"" C N^>'^ is equal to [a' — a\ + 1. □ 

5.2 Presentations of cyclic Dieudonne modules 

In this subsection we fix a non-zero bi-nilpotcnt Dieudonne module M over 
k i.e., M is an E-module which is free of finite positive rank as a 1^- module, 
and F and V are nilpotent on M = M/pM. Let d = dimfc(M/FM) and 
c = dimk{M/VM) and h = c + d. We have cd > 0. 

The a-number a(M) = dim^t (M/FM + VM) is positive. An element 
z E M generates M as an E-module if and only if z generates M/ FM + VM 
as a A;-module. For completeness we prove the following well-known lemma. 

Lemma 5.7. Assume that z generates M as an K-module. 

(a) The set T = {{F'z)i<i<c, {V'z)o<i<d-i} is a W -basis of M . 

(b) There exists an element ^' G E for which we have '^z = and which 
is of the form 

c d 

^If = Y^a,F'-' + Y,biV\ 

i=0 i=l 

with Go and bd as units in W and with ai G pW for i G {1, . . . , c} and bi G pW 
forie {l,...,d-l}. 

(c) We have an isomorphism ofK-modules E/E^ = M given by 1 ^ z. 

Proof. As V is nilpotent on M/FM and as M/FM is a /c- vector space of 
dimension d generated by the iterates of z under 1/, we get that (V^*^;)o<i<d 
is a /c-basis of M/FM. Similarly we argue that {F^z)o<i<c is a /c-basis of 
M/VM, which implies that (F*2;)i<j<c is a /c-basis of FM/pM. We conclude 
that T is a fc-basis of M/pM. From this (a) follows. 

By (a) there exists a unique relation "i/z = with ^ as above and bd = 1- 
As V^z G FM we have Oc G pW and bi G pW for i G {1,. . .,d - 1}. By 
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exchanging the roles of F and V in (a), there exists also a unique relation 
^'z = with Oq = 1 and such that a- G pW for i G {1, . . . ,c}. By the 
uniqueness parts, we have \E'' = m\E' for a unit m G VT, and (b) follows. 

We have a surjection E/E^f — >■ M by 1 i— It is easy to see that 
{(F*)i<j<c, {V^)o<i<d-i} generates E/\l/E over W, which proves (c). □ 



Lemma 5.8. Let M = E/E\E' as in Lemma [3T7[ Let um '■ [0, /i] — > M 6e the 



Newton polygon of M and let : [— c, d] ^ W be the Newton polygon of 
defined above. Then fMif) = ^^(t — c) for t G [0, h]. 

Proof. This is proved in }Dei, Lemma 2 on p. 82]. □ 



Remark 5.9. In view of Lemma [5.81 it would be natural to shift the Newton 
polygon of M so that its domain is [— c, d]. This would cause c to be replaced 
by in many formulas, including the assertions of Theorems 11.31 II. 4[ and 
II. 6[ We keep the traditional notation in order to avoid confusion. 

5.3 Valuations on cyclic Dieudonne modules 

We assume now that M is a non-zero bi-nilpotent Dieudonne module over k 
generated as an E-module by a fixed element z G M. Thus M = E/^'E with 
\E' as in Lemma [5.71 and we have a{M) = 1. 

Lemma 5.10. Assume that M is isoclinic of slope A. Let w be the minimal 
F -valuation on M of slope A with w{x) > for all x G M, of. Lemma [37^ 



Then the W-basis T of M introduced in Lemma 5/7 (a) is valuative forw. 



Proof For x = Y.'^J e^F^-'z G M with aeW let 

Wi{x) = min{t>(ej) + (c — i)X \ < i < h — 1}. 

Then wi is a valuation for which the VT-basis T is valuative. We claim 
that w = wi. It is easy to see that w{x) > wi{x) > for all x G M. 
Hence we must show that Wi is an F- valuation of slope A i.e., that we have 
Wi{Fx) = Wi{x) + A. This is a straightforward computation based on the 
relation f (oj) > iX for all < i < h with equality for i = and i = h. The 
details are left to the reader. □ 

For the general (non-isoclinic) case we need some extra notations. 

Notation 5.11. Let = Mq and let = A^i © ■ ■ • © A^^ be the direct sum 
decomposition into isoclinic components, ordered such that each A'^- with 
j G {1, . . . , r} is isoclinic of slope Xj and < Ai < ■ ■ ■ < A,. < 1. Let hj be 
the dimension of Nj i.e., the multiplicity of Xj in u. We write hj = Cj + dj 



22 



such that Xj = dj/hj. Let Mj C Nj be the image of M. Then a{Mj) = 1. 
Let Wj be the minimal F- valuation on Nj of slope Xj such that Wj{Mj) > 0, 
see Lemma 15^ For a = (ai, . . . , a^) G M*" let 

r 

i=i 

and gr'^N = N°'/N°'+. Let z/ : [0, /i] ^ M be the Newton polygon of M. For 
each j G {1, . . . , r} let z/j : M — i> M be the unique linear function of slope Xj 
such that for all t G [0,h] we have 

z/(t) = max{z/j(t) I 1 < j < r}. 

We define /3 = (A, . . . , G M^' by /3j = Uj{c). 

The following result will be used in the proof of Theorem I9.1[ Another 
application of it, to minimal Dieudonne modules, is given in Subsection I5.4[ 

Proposition 5.12. We have N^^ C pM as suhmodules of N. 

We will deduce this from a description of A^^"*" in terms of certain auxiliary 
valuations Wj on N. Let X = {0,1, . . . , h — 1}. We recall that {F^~'^z)i^x is a 
B{k)-ha,s\s of A^; see Lemma 15.71 For j G {1, . . . , r} let Wj be the valuation 
on A^ which for x = Yliei^i-^'^"^^ ^ ^ with Cj G B{k) is given by 

Wj{x) = min{t>(ej) + (c — i)Xj \ i G I}. 

This is an F-valuation only when M is isoclinic. A different way to look at 
Wj is the following one. Let i^xj : M — > M be the maximal linear function of 
slope Xj such that we have I'xjii) < v{ei) for all i E I. Then 

Wj{x) = Vx,j{c). 

Let Ux : [0, /i - 1] ^ M be defined by 

Vx{t) = max{ux,jit) \ l<j<r}. 

For aeW let 

iV°+ = {x G A^ I Wj{x) > aj for 1 <j < r}. 
Lemma 5.13. We have N^^ C pM as suhmodules of N. 

Proof. Let x & N. As (3j = Vjic) we see that x G A^^"*" if and only if we 
have Vx^j > Vj for all 1 < j < t. In other words, x G A^^"*" if and only if 
f (cj) > v{i) for all i E I. The last condition implies that x G pM. □ 



r 

iv-+ = 0Ar;^ 
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By Lemma [5.13l the following description of A^^"^ implies Proposition l5.12[ 

Proposition 5.14. We have N^^ = N^^ as suhmodules of N. 

The inclusion N^~^ C A^^+ does not depend on the specific choice of /3: 

Lemma 5.15. The following two properties hold: 

(a) For X & N with projection Xj G Nj we have Wj{xj) > Wj{x). 
(h) For a^W we have iV"+ C A^°+. 

Proof. If a; = F^~''z with i E I, then Wj{xj) = (c — i)Xj = Wj{x). As Wj is 
a valuation and as the i?(/c)-basis {F^~''z)i^x of N is valuative for wj we get 
(a). Clearly (a) implies (b). □ 

The opposite inclusion A^°+ C A^"+ does not hold in general. To prove 
Proposition 15.141 we need conditions on x under which equality holds in 
Lemma 15.151 (a). For x = with Cj G B{k) let C T be 

the (non-empty) set of those indices i with f(ej) = Vxjii) and let Sj{x) be 
the difference between the maximal and minimal elements of Xj{x). Similarly 
let Aj{x) C [0, /i — 1] be the closed interval of all t with Vx.j{t) = i^x{t) and 
let s'j{x) be the length of Aj{x). We have Xj(x) C Aj{x); thus Sj{x) < s'j{x). 

Lemma 5.16. Let x E N and let Xj G Nj be its projection. If Sj{x) < hj, 
then Wj{xj) = Wj{x). 

Proof. As Wj{xj) > Wj{x), to prove that Wj{xj) = Wj{x) we can replace 
X by an arbitrary element x' E N with Wj{x — x') > Wj{x). Using this 
and the inequality Sj{x) < hj, we can assume that for some integer i^ the 
element x lies in the i?(A;)-vector subspace of A^ spanned by the finite set 
Tjgj = {F'^~'^z \ io < i < io + hj — 1}. If x G Tj^j, then Wj{xj) = Wj{x). 
Thus it suffices to show that Tj^j- projects to a valuative i?(A;)-basis of Nj 
for Wj . For io = c — Cj this is true by Lemma 15.101 The general case follows 
because the operators F and F~^ on Nj preserve valuative i?(fc)-bases as Wj 
is an F-valuation. □ 

Proof of Proposition \5. 14\ We know that A^'^"'" C A^'^+, see Lemma [5.131 (b). 
Thus to prove Proposition 15.141 it suffices to show that the assumption that 
there exists an element x G A^^"*" \ A^'^"'" leads to a contradiction. 

As X ^ N^~^ there exists at least one index j G {l,...,r} such that 
Wj{x) < (3j. Choose a maximal chain 

^ = {ji,Ji + l,---,j2}C{l,...,r} 

such that Wj{x) < [3j for all j G J. Let [a, 6] C [0, /i] be the closed interval 
of all t with v{t) G {vj{t) \ j G J}, and let [a', h'] C [0, /i - 1] be the closed 
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interval of all t with Uxit) G {z/^.j(t) | j G J^}. In other words, [a,b] (resp. 
[a', 6']) is the maximal interval where the slopes of u (resp. of u^) lie in the 
set {Xj I j G We claim that the following implications hold: 

ji > 1 ^ a' > a 
j2 < r ^ b' < b. 

As the proofs are similar, we will only check here the first implication. As- 
sume in the contrary that ji > 1 and a' < a. Then jo = Ji ~ 1 lies in 
{1, . . . , r} \ JT". We have i^jo{a) = i^j^{a) and i^xjoi^') — ^x,ji{ci'), which im- 
plies that z/j. (a) < z/a; (a) as a' < a. Thus we compute 

which contradicts the maximality of J^. This proves our claim. 

We note that ji = 1 implies a' = a = 0, while j2 = r implies b' = h — 1 
and b = h. Thus in all cases we have a' > a and b' < b, and hence 

b — a > b' — a'. 

On the other hand, G A^^"*" , for j G we have 

Wj{x) < (3j < Wj{xj). 

From this and Lemma [5.161 we get that s'j{x) > Sj{x) > hj. Thus we get 

b — a = hj < s'j{x) = b' — a . 

Contradiction. This ends the proof of Proposition 15.141 (and thus also of 
Proposition 15.121) . □ 

5.4 Minimal Dieudonne modules 

Following Oort [Oo3j . a Dieudonne module M over k is called minimal if 
EndE(M) is a maximal order in EndD(MQ). A Dieudonne module is minimal 
if and only if it is a direct sum of isoclinic minimal Dieudonne modules. In 
the isoclinic case we have the following characterisation of minimality; see 
also |Yu| Section 3]. 

Proposition 5.17. Let M be an isoclinic Dieudonne module of slope A. 
Then the following three statements are equivalent. 

(a) EndE(M) is a maximal order in End]D)(MQ). 

(h) If<l>eB satisfies wa($) > 0, then <I>{M) C M. 

(c) For some F -valuation w on N = Mq of slope X we have M = iV^-^. 
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We begin with a special case; see also [dJOj Subsects. 5.3-5.6]. 

Lemma 5.18. If N is a simple Bi-module, then the above statements (a) and 
(c) are equivalent. 

Proof. Let F = EndD(iV). Let w be an F- valuation of slope A on N. We note 
that w is unique up to adding a constant, see Lemma [5l3l Thus for each (y9 G F 
there exists a v{!f) G MU {00} such that w{(fx) = w{x) +v{(f) for all x & N. 
Then v is the unique valuation on the division algebra F that extends the 
p-adic valuation on Qp. The maximal order in F is Fq = {v? G F | v{ip) > 0}. 

In view of these remarks, (c)^(a) is clear. We prove (a)=^(c). Let h = 
dim(A^). We choose w such that Z C w{N). The fc- vector space gr'^N is 
1-dimensional if ha G Z, and it is otherwise. In particular, w{N) = (1//;,)Z. 
Let TT G Fq be a generator of the maximal ideal, which means that v{7t) = 
1/h. As M is stable under vr, the subset w{M) of w{N) takes the form 
{i/h \ i E Z, i > io} for some integer zq. By replacing w with w — io/h we 
can assume that io = 0. It follows easily that M = N'^-'^. □ 



Proof of Proposition \5.17\ Let X = l/n with coprime integers I, n and n > 1. 
Let $0 = G D and choose $ = FV" G D such that wa($) = l/n. 

The element $ is unique up to multiplication by an integral power of <l'o- Let 
q = p". Let fi = dim(A^)/n be the multiplicity of the D-module N. First we 
show that (b) implies the existence of a W^-basis of M of the form 

Ti = {<^'xj \ 0<i<n, 1<3 < fi} 

such that each xj G M satisfies the equation ^o{xj) = Xj. Indeed, let 
n = {x G M I ^o{x) = x}. As $0 has slope zero and preserves M by the 
assumption (b), we have M = 11 ®h/(f,) W. As : 11 — > 11 is multiplication 
by p, the quotient n/$n is an F^- vector space of dimension /i. We choose 
elements xi, . . . ,x^ G 11 which project to an Fg-basis of n/$n. Then for 
each i >0, {^^Xj)i<j<^ projects to an F^-basis of ^^fl/^^+^II. We conclude 
that Ti is a W^-basis of M. 

The implication (c)^(b) is clear. We prove (b)^(c). Let Ti be as above. 
There exists a unique F- valuation w of slope A on such that w{xj) = for 
I j and such that the ly-basis Ti is valuative for w. As = i/n 

lies in the interval [0, 1) when < i < n, property (c) follows easily. 

We prove (b)^(a). Let Ti be as above and let Mj = D^^^^x^ for 1 < j < 
fi. Then as ^o{xj) = Xj, it follows that M = Mi © ■ ■ ■ © is a direct sum 
decomposition into pairwise isomorphic simple Dieudonne modules. Hence 
End(M) is a matrix algebra over End(Mi), and (a) follows by Lemma [5.18[ 

Finally, we prove (a)^(c). Let A^i be a simple constituent of A^ and let 
F = End(A^i). As each maximal order in End(A^) is isomorphic to the matrix 
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algebra over the maximal order Tq of T we see that M is the direct sum of 
simple Dieudonne modules. Hence (c) follows from Lemma 15.181 again. □ 

The next proposition is proved as well in |Yu| Lemma 4.2]. 

Proposition 5.19. Let M be a Dieudonne module and let N = Mq. There 
exists a minimal minimal Dieudonne module M+ with M C M+ G N i.e., for 
every minimal Dieudonne module M' with M C M' G N we have C M' . 

Proof. If N is isoclinic, then by Proposition 15. 171 everv minimal M' as above 
takes the form M' = N^-^ for some F-valuation w on of slope A with 
w(M) > 0. Hence in the isoclinic case the assertion follows from Lemma 
15. 4[ In general, let = Nj be the direct sum decomposition into 

isoclinic components and let Mj be the image of M — > Nj. As each M' 
as above is a direct sum M' = 0^=^ Mj with Mj C Mj C Nj, we have 

M+ = e;=i(M,)+. □ 

By duality there exists also a maximal minimal Dieudonne module M_ C M. 

Lemma 5.20. A homomorphism of Dieudonne modules f : M' — ^ M induces 
homomorphisms /_ : Mi M_ and f^ : M'^ . 

Proof. By duality it suffices to show that f{M'_) C M_. We can assume that 
M' and M are isoclinic of the same slope A. Using Proposition 15 . 1 71 it is easy 
to see that M_ is the set of all elements x G Mq such that we have $x G M 
for each $ G D with wa($) > 0, and similarly for M'_. As fq : Mq Mq is 
a D-linear map it follows that / maps M'_ to M_. □ 

If M = Mfe © Mo is the unique decomposition such that M^ is bi-nilpotent 
and Mo has integral slopes, then M± = Mb± © Mo. We have the following 
explicit descriptions of M+ and M_ in the case when a(M) = a(Mb) = 1. 

Theorem 5.21. Let M be a bi-nilpotent Dieudonne module and let M_ C 
M C M+ be the extremal minimal Dieudonne modules considered above. We 
assume that a(M) = 1 and we use Notation \5.11[ 

(a) We have M+ = A^^, where = (0, . . . , 0) G 

(b) We have M_ =p~^N'^+. 

By Proposition 15.141 the (A;)-module A^^"*" has a W{k)-hasis consisting of 
easily computable Vr(A;)-multiples of F'^~''z for i El = {0, . . . , /i — 1}, which 
makes it more explicit than the module N-. 
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Proof of Theorem \5.21[ Let Mj be the image of M — > Nj. We recall that Wj 
is the minimal F- valuation of slope \j on Nj such that Wj{Mj) > 0. This 
implies (a); see the proof of Proposition 15.191 

The Dieudonne module p~'^N^^ is minimal by Proposition 15. 171 and con- 
tained in M by Proposition 15.121 Thus we have inclusions 

p-ijV/3+ c M_ C M C M+ = A^a. 

For a Vl^-module A, let = }iomwiA,W). If A has finite length, let 
i{A) be its length. Consider 

We claim that £2 = 2£i. This implies that i{M+/M) > £{M/M_) with 
equality if and only if M_ = p~^N^~^. The same reasoning applied to the dual 
Dieudonne module gives the opposite inequality C.{M/MS) > i{M+/M). 
Here we use that a(M^) = 1 and (M^)+ = (M_)^ and (M^)„ = (M+)^. 
Thus (b) follows from our claim. 

It remains to show that £2 = Let s be the multiplicity of (i.e., the 
sum of the multiplicities of the isoclinic direct factors Nj of A^). Then 

r 

i2 + h-s = i{pN^/N^+)+i{NypN^)-i{N'^/N'^+) = iiNyNi^) = ^(3jhj. 

i=i 

On the other hand, let p be the ordinary Newton polygon with the same 
endpoints as u and let i7 C be the compact set enclosed by p and p. A 
Vr(/c)-basis of pM is formed by the elements p"iF'^~'^z foT < i < h where rii 
is the minimal integer such that > p{i). A W {k)-ha.sis of A^^"^ is formed 
by the elements p'^iF^~'^z for < i < h where is the minimal integer 
with rrii > Thus i{pM/ N^~^) is the number of elements of which lie 
strictly above p and on or below p. Hence the cardinality of the finite set 
mt{f2) n is equal to i{pM/N^+) - s + 1, which is equal to £1 - s + 1 by 
Proposition I5.14[ The set df2 fl 7? has s + h elements. Hence the area of i7 
can be expressed in two ways as follows. 

h 

j u{t) dt - £/2 = l^-s + l + ^ - 1 = £1 + 


Finally, the function g{t) = z/(t) — i''{t){t — c) is well-defined for those 
t G [0, /;.] where v is linear. Its value is g{t) = [3j if v'it) = Xj. Thus we get 

J. h h 

Pjhj = I - u'{t){t -c))dt = 2 I u{t) dt - d^ 
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by integration by parts. The last three displayed equations give ^2 = 2£i. □ 

The p-exponent of a finitely generated torsion ly-module M is the small- 
est non-negative integer m such that p^x = for all x e M. 

Lemma 5.22. Let M be a Dieudonne module. Then all the three W -modules 
M+/M_, M/M^, and M+/M have the same p-exponent. 

Proof. If annihilates M+ /M, then p"^M^ C M and thus we have p™M+ C 
M_ as p'^M^ is minimal. Similarly, if p"^ annihilates M/M^, then we have 
M C p-'^M. which implies that M+ C p~"^M^. □ 

Corollary 5.23. Let M be a Dieudonne module of Newton polygon v. Let m 
be the p-exponent of M^/M^. We have m < [z^(c)J with equality ifa{M) = 1. 

Proof. We can assume that M is bi-nilpotent and non-zero. If a{M) = 1, 
then m is the p-exponent of p~^N^^ /N- by Theorem 15.211 and thus we have 
m = max{[i/j(c)J | 1 < j < r} = [z^(c)J (cf. Lemma l5.6p . If a(M) > 2, 
then by Lemma 15.221 it suffices to show that for every non-zero x G M we 
have pL'^(^)Jx G M_. Let M' = Ex be the Dieudonne module generated by x. 
Let u' be its Newton polygon and let c' be the dimension of M'/FM'. As 
a(M') = 1, we know that G Mi. By Lemma r5.20[ M'_ is contained in 

M_. It is easy to see that z^'(c') < z/(c). Hence p^'^^^^^x G M_ as desired. □ 

Proof of Theorem \l.b\ Let M be the covariant Dieudonne module of the 
given p-divisible group D over k. Isogenics f : D ^ Dq with minimal 
Do correspond to minimal Dieudonne modules Mq with M C Mq C Mq in 
such a way that the p-exponents of Ker(/) and of Mq/M coincide. Hence 
Theorem 11.61 follows from Corollary 15.231 together with Lemma I5.22[ □ 

6 Values of isogeny cutoffs 

In this section we fix a p-divisible group D over k of dimension d and codimen- 
sion c with Newton polygon u. We begin with some preliminary reductions. 

Lemma 6.1. To prove Theorem \1.3\ we can assume that D is connected with 
connected Cartier dual and that a£, = 1. 

Proof. There exists a p-divisible group over k[[t]] whose special fibre is D and 
whose geometric generic fibre has a-number at most 1, cf. |Ooll Prop. 2.8]. 
By Theorem 13. 8[ after replacing if needed k by an algebraic closure of k{{t)), 
we can assume that an < 1. Let D = D° x D™'^, where D° is connected with 
connected Cartier dual and D™"^ is ordinary. Let be the Newton polygon 
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of D° and let cq be the codimension of D° . We have z/(c) = i^o(co), &d = ^z)° 
(by Lemma [2.41 (c)), and a^io = ai:)<l. Ifa£)o=0 then D° is trivial. Thus 
to prove Theorem 11.31 we can assume that D = D° and = 1. □ 

Proof of Theorem \l.^ Let M be the covariant Dieudonne module of D. By 
Lemma 16.11 we can assume that M is bi-nilpotent and that a(M) = 1. We 
write M = E/E\l/ as in Lemma [5.71 with oq = 1. 

Let D' be another p-divisible group over k with Dieudonne module M' 
and with Newton polygon u'. 

First we show that < Assume that D[p'^'^^] = D'[p^'^'^'^]] we must 
show that V = v' . As j{v) > 1 the p-divisible group D' and its Cartier dual 
are connected, and ao' = 1- Choose an element z' G M' such that the class 
of z maps to the class of z' under the isomorphism M/p'^'^^M = M' /p^^'^^ M' , 
and let "^'z' = be the associated relation given by Lemma [5 . 71 with oq = 1. 
Then - ^ G p'^^^E. Let us write ^ - ^' = ^J"^^ e^F^"*. By the definition 
of as ^' — ^ G p'^'^^'E we have f (cj) > always and f (cj) > if 
{i, is a breakpoint of u. From this and Lemma [5.81 we get that z/' = i/. 

Next we show that bo > If jX'^) = 1 this is clear. Thus we can 

assume that m = j(z/) — 1 > 0. If m < z^(c), we take \E'' = \E' + p™. If 
m > z^(c), then we have m = z/(c) and (c, i/(c)) is a breakpoint of u, in 
particular v{ac) = z^(c) = m. In this case, we take \E'' = \[' — Oc. We define 
D' by M' = E/E^'. Then = From Lemma [LSI we get that 

u' 7^ z/. Thus m < bo- □ 

Proposition 6.2. //m zs an integer with 1 <m < jiy) then there exists a 
p-divisible group D over k with Newton polygon v and bo = fn. 

Proof. The assertion is true for m = j(z/), cf. Theorem 11.31 It is also true 
for m = 1, as for a minimal p-divisible group Dq we have nog = 1 (see 
either [Uo3l Thm. 1.2] or ^Va3» Thm. 1.6]) and thus also boo = 1- As two 
p-divisible groups over k of the same Newton polygon u can be linked by a 
chain of isogenics with kernels annihilated by p, the proposition follows from 
Lemma 16.31 below. □ 

Lemma 6.3. Let g : D ^ E be an isogeny of p-divisible groups over k such 
that the kernel of g is annihilated by p. Then \bo — bsl < I- 

Proof. As pg~^ is an isogeny E D with kernel annihilated by p, by symme- 
try it suffices to show that bE > bo — ^- Let m be an integer with < m < bo- 
This means that there exists a p-divisible group D' over k which is not isoge- 
nous to D and for which there exists an isomorphism u : D[p'^] = D'\p"^]. 
Let E' = D'/u{KeT g). Then E' is not isogenous to E and u induces an iso- 
morphism Elp"^'^] = E'[p"^~^]. Thus m — l< bE- Therefore bE>bo — ^- □ 
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Remark 6.4. Here is another approach to bound bo from above. By Theorem 
11.61 there exists an isogeny D ^ Dq with kernel annihilated by p^'^^^^i and 
with Dq minimal. As bog = = ^, either Lemma 16.31 or |NV2| Lemma 
2.9] gives 6d < 1 + L'^('^)J- This estimate is equivalent to the upper bound 
in Theorem 11.31 except when z/(c) G Z and u is linear at c; then it is off by 1. 

Remark 6.5. We assume that either z/(c) ^ Z or i/ is not linear at c; equiva- 
lently, we have j(z/) = [z/(c)J + 1. In this case we have the following refinement 
of Proposition 16.21 By Theorem 11.61 there exists a chain ^ ■ ■ ■ ^ 
of isogenics of p-divisible groups of Newton polygon u, where Di is minimal, 
where ctDj(,^) = 1 and thus &d^(„) = j(^) by Theorem ll.3[ and where the kernel 
of each Di <— -Dj+i with i G {1, . . . , j(z/) — 1} is annihilated by p. Lemma [6^31 
implies that we have 6z). = i for all z G {1, . . . ,j{iy)}. 

7 A variant of homomorphism numbers 

Let D and E be j9-divisible groups over the algebraically closed field k. As 
suggested by the results of l(!\ ! (see Theorem 17.31 below) we consider the 
following variant of the homomorphism numbers er>,E- 

Lemma 7.1 ( |GVl Subsect. 7.1]). There exists a non-negative integer fr),E 
such that for positive integers m > n the restriction homomorphism 

rm,n : RomiOnEn ^ Hom(D[p"], E[p"]) 

has finite image if and only if m > n + fo^E- 

Proof. As Hom(Z), E) is a finitely generated Zp-module, its image in the p"- 
torsion group Hom(D[p"], -E[p"]) is finite for each n. By Lemma [2TT] it follows 
that for each n there exists an m such that rm,n has finite image. We have 
to show that the minimal such m takes the form m = n + f where / does 
not depend on n. This follows from the last exact sequence in the proof of 
Lemma [2. II by the same string of inequalities as for eD,E- CH 

Definition 7.2. We call the coarse homomorphism number of D and 
E. The coarse endomorphism number of D is fo = fD,D- 

Using this notion we can state |GVl Cor. 2 (b)] as follows. 

Theorem 7.3 ( |G V] ) . If D is not ordinary, then we have fn = n^. 

Remark 7.4. We note that [GVj also gives a similar interpretation of f^E in 
general. Namely, let n^^E be the minimal non-negative integer m such that 
the truncation map ^■xt^{D,E) Ext^(L'[p™],E[p™]) is injective. Then 
we have fD,E = nD,E, cf. |GV| Subsect. 7.1 (iii)]. The resulting equality 
ud = nD,D if E) is not ordinary seems not to be obvious from the definitions. 
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The following is the first and easiest of three related inequalities. 
Proposition 7.5. We have fD,E < ^d,e- 

Proof. This is immediate from the definitions and the finiteness of the image 
of the reduction homomorphism Hom(D, E) Hom(D[p"], E[p"']). □ 

The following analogue of Lemma 12.41 is easily checked. 

Lemma 7.6. Let D = D"'"^ x D° and E = E"""^ x E° he the canonical 
decompositions such that D°^'^ and E°^'^ are the maximal ordinary subgroups 
of D and E (respectively). Then f^ E = fD°,E°- n 

Lemma 7.7. For each algebraically closed field k ^ k we have fo,E = fD^,Ei^- 

Proof. For positive integers m > n we have fD,E > m — n if and only if the 
image of Hom{D[p"^], E[p"^]) Hom (-D[p"'], has positive dimension. 

This property is invariant under the base change k —>■ k. □ 

7.1 Semicontinuity of coarse homomorphism numbers 

We will show that the coarse homomorphism numbers fD,E are lower semi- 
continuous in families of p-divisible groups with constant Newton polygon. 
The following characterisation of fo.E is taken from [GVj . 

Lemma 7.8 ([GVl Subsect. 7.1 (i) and (ii)]). FormEN let 

7d,eM = dim{Eom{D[p^]),E[p^]). 
We have 'yD,E{^) < 7d._e(^ + 1) with equality if and only if m > fo.E- 

Proof. Let Hm = Hom(D[p'"]), We have an exact sequence of alge- 

braic groups Hm Hm+i '"^^'^> Hi, cf. the proof of Lemma \2.1l The 
proposition follows from the definition of fn.E, see Lemma 17.11 □ 

Definition 7.9. The stable value of 7d,£; is denoted sd,e = lD,E{fD,E)- If 
D = E we write sd,d = sd = IdUd)- 

The semicontinuity of fD,E rests on the following result of [ya2] . 

Theorem 7.10 ([TOl Thm. 1.2 (f)] and [GVl Rm. 5.4.1]). If D and D' are 

isogenous p-divisible groups over k, then we have sd = sd'- 

As earlier, if k is an algebraic closure of another field k' and if D and E are 
the base change of p-divisible groups D' and E' over k' we write = fD,E 

etc. If ^ and S' are p-divisible groups over an Fp-scheme S we define functions 
f3!,s, 'y^,s-{m), s-^,#, = sq^s, : 5 ^ N by f&,s{s) = f@„s, etc. for sE S. 
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Theorem 7.11. Let ^ and S he ])- divisible groups of constant Newton poly- 
gon over an ¥ p-scheme S. 

(a) The function s^^g is locally constant on S. 

(h) For m G N, the set Uj^ ^ = {s E S \ fs<,6°{.s) < m} is closed in S. 

Proof. We have s^®^ = s^ + s^ + s^^^ + s^^^ as functions on 5*. The functions 
sg, and s^^ are constant by Theorem 17. 10[ Locally in S, for sufficiently 
large m we have s^^s = 7^,^(m) and ss-^^i = l^^^i^)- These functions are 
upper semicontinuous. Hence ss),g = sc^^g — — sg — sg^^i is upper and 
lower semicontinuous, thus locally constant, which proves (a). 

To prove (b) we note that for s G we have {scg^s — lsi,sijn)){.s) > with 
equality if and only if s G f//^^ , see Lemma [721 As s^i^s is locally constant 
and 7^,^(m) is upper semicontinuous we get that Uf^ ^ is closed. □ 

Remark 7.12. We have ?7„g, = Uf^^, cf. Theorem 17. 31 Thus Theorem 11.11 
(b) also follows from Theorem 17.111 (b). 

8 Homomorphisms of truncated BT groups 

In this section, we prove Theorem \1.7\ but we work with homomorphisms 
instead of endomorphisms. 

8.1 The level torsion i^^E 

Let W{k), a, and B{k) be as in Section O Let D and E be two p-divisible 
groups over k. Let (M, F, V) and (L, F, V) be the covariant Dieudonne mod- 
ules of D and E (respectively). Let H = Hd,e = Homvi/(fc)(M, L). Let 
(H[^],F) be the F-isocrystal defined by 

F(b) = F o b o = o b o 1/. 
We consider the direct sum decomposition into i?(A;)-vector spaces 

= iV+ © iVo © iV_ 

which is invariant under F and such that all slopes of (A^+, F) are positive, 
all slopes of {No, F) are 0, and all slopes of (A^_, F) are negative. 

Definition 8.1. Let 0+ C H f] N+, Oq C H f] Nq, and 0_ C iJ n iV_ be 
the maximal IV(/c)-submodules such that C 0+, F{Oq) = Oq, and 

F~^(0_) C 0_. The level module of D and E is defined as 

= Od,e = 0+®Oo®0.. 

If D = E we write Od,d = Od- 
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For a more explicit description, let Aq = {z E H \ F[z) = z}, which we 
identify with the free Zp-module B.om{D,E). We have 

0+ = {zeN+\ F'^iz) eH Vg G N}, 
Oo = Ao W{k) = fl F\H n iVo) = fl F-\H n iVo), 

0^ = {zeN_ \ F-\z) eH Mqe N}. 

Lemma 8.2. The W{k) -module O is a lattice of H[^]. 

Proof. As all slopes of {N^,F) are positive, for each z G the sequence 
(F^(2;))ggN of elements of iV+ converges to in the p-adic topology. Therefore 
there exists s G N such that p'^z G 0+. Thus we have = As 0+ 

is a W^(fc)-submodule of the finitely generated W^(fc)-module H, we conclude 
that 0+ is a lattice of N^. A similar argument shows that Oq and 0_ are 
lattices of A^^o and A^_ (respectively). Thus O is a lattice of H[^]. □ 

Definition 8.3. The level torsion of D and E is the smallest non-negative 
integer iD,E such that we have 

/^'^ Hom(M, L)COC Hom(M, L). 

If D = E we write £d,d = ^d- 

If D and E are isoclinic, then this definition of iD,E coincides with the 
one in [Va3l Def. 4.1 (c)]. The level torsion is symmetric: 

Lemma 8.4. We have Id,e = ^e,d = ^_dv,£;v. 

Proof. Let O = Od,e ^ -^[p] t>e the minimal Vr(fc)-submodule which con- 
tains H and which takes the form O =^0+©0g©0_ with 0+ C A^_^^ Oq C iVo, 
and 0_ C A^_, such that F(0+) C 0+, F(0o) = Oq, and F-i(0_) C 0_. 
Let G N be the minimal number such that p^^-'^O C H . First we show 
that (!,D,E = iD,E- We have H C p-^^.^o^ thus O C H C O C p-^o,EO 
by the minimality of O, and therefore Id,e < ^d.b- Similarly we have 
P^d,eq C O C /J C O by the maximality of O, and therefore < ^d._e- 
Let -Fd_£; = F be the Frobenius of Hj:,^e[^- For a iy(fc)-module A we write 
= B.omw (^j.) [ A, W{k)). The Dieudonne modules of D"^ and -E^ can be 
identified with {M'^ , , F^) and (L^, 1/^, F^) (respectively). Hence we have 
natural isomorphisms He,d — -^^d b — H^v ^^. In terms of these isomor- 
phisms we have Fe,d = {F^\Y = Fdv^e'^, and they induce isomorphisms of 
submodules Oe,d — O)-,^^ = Od-j^e^ because these submodules are all defined 
by the same maximality property. Hence we have Ie,d = ^d,e = ^d'^ ,e'^ ■ □ 
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Lemma 8.5. For each algebraically closed field k ^ k we have io,E = ^Dk.,e^- 

Proof. Let if^ and be the analogues of H and O defined with respect to 
and instead of D and E. One can check that if^ = H ®w(k) W{k) 
and Ok = O ®w{k) W{k). The assertion follows. □ 

8.2 The inequality cd^e < ^d,e 

For X G O we write x = x^ + Xq + x^, where x+ G 0+, Xq G Oq, and a;_ G 0_. 
We call x+, Xq, x_ the components of x in O. 

Lemma 8.6. Let x G O. The equation in X 
(8.1) x = F{X)-X 

has a solution in O which is unique up to the addition by an arbitrary element 
of Aq. If X & for some s G N, then there exists a solution in p'^O. 

Proof. We define y+ = — Xli^o -^*(^+) ^'^'^ V- ~ Xli^i -^~*(^-)- We have 
x+ = F{y^) — y^ and x_ = F{yJ) — y_. Let Tq = {ci, . . . , e^} be a Zp-basis 
of Aq. Then Tq is a W{k)-hasis of Oq, so we can write Xq = X]i=i 7«^j with 
7i G l^(A;). For y^ = Y,t=i ^i^i with Zi G W^(/c) we have Xq = F{y^ - y^ if 
and only if for each i G {1, . . . , s} we have 

cr(2i) - Zi = 7i. 

It is well-known that this equation in Zi has solutions in W{k). Therefore 
1/ = I/+ + 2/0 + 2/- is a solution of (18. ip in O. Two solutions of (18.11) in O differ 
by a solution of the equation FiX^ = X and thus they differ by an arbitrary 
element of Aq. If x = p'^x' with x' G O, then there exists an element y' E O 
with x' = F{y') — y', and p'^y' is a solution of (18.11) in p^O. □ 

Lemma 8.7. Let m G N*. Each homomorphism of truncated Dieudonne 
modules 

Cm : (M/p-M, F, F) ^ (L/p-L, F, V) 
can be lifted to a W{k)-linear map Q : M ^ L such that F{() — C ^ p^H . 
It is not true that every lift of Cm satisfies F{Q — C ^ p^H. 

Proof. By passing to M © L it suffices to consider endomorphisms instead 
of homomorphisms, so we consider End(M) instead of Hom(M, L). Let Q = 
VM. Then V induces a bijective (T~^-linear map Vm '■ M/p^M Q/p^Q. 
Let C'm = ymCmV-^ ■ Q/p^Q ^ Q/p'^Q- There exists a C e End(M) which 
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lifts Cm and at the same time. Indeed, let M = J © T be such that 
Q = J ® pT. Choose ( : T —>■ M to he any lift of the restriction of (m to 
T/p"^T and ( : J ^ Q to he any lift of the restriction of Cm to J/p"^J. Then 
the resulting iy(/c)-linear map ( : M ^ M lifts Cm and Cm- ^ follows that 
CV^ — V^C maps M to p'^Q, thus V~^(V — ( maps M to p"^M, which means 
that F(C) - C e End(M) as required. □ 

Proposition 8.8. We have eD,E < ^d,e- 

Proof. Let m = io^E + 1- We have to show that for each homomorphism 

Cm : (M/p™M, F, V) ^ F, y) 

of truncated Dieudonne modules, its reduction Ci : M/pM ^ L/pL lifts to a 
homomorphism of Dieudonne modules C : {M, F, V) {L, F, V). By Lemma 
K7[ Cm can be lifted to a W{k)-\meaT map (' ■ M ^ L with F(C') -C e ^"'if. 
As ^'"if C pO, by Lemma 18.61 there exists an element ^ G pO such that 
-^(0 ~ ^ = -^(C) ~ C- Thus C = C ~ ^ has the desired property. □ 

8.3 The inequality iD,E < fD,E 

Let rriT^ be the maximal ideal of a local ring TZ. 

Lemma 8.9. Let R = k[[t]] and R' = k[[u]]. For P E R and x G m/j' the 
expression P{x) G R' is well-defined. Moreover we have P{x) = only if 
either P = or x = 0. 

Proof. The power series P{x) converges m/j'-adically, so P{x) is well-defined. 
If X 7^ and P 7^ let r, s G N be minimal such that x G m^, and P G m|^. 
Then r > and P{x) G m'jl, \ xrf^,^\ Thus P{x) ^ 0. □ 

Proposition 8.10. We have £d,e < fD,E- 

Proof. We show that the assumption that fD,E < (^d,e leads to a contradic- 
tion. By Lemmas 17. 71 and l8 .51 we can replace the field k by some algebraically 
closed extension of it. Therefore we can assume that there exists an alge- 
braically closed field k' and an inclusion of rings R = k'[[t]] G k such that D 
and E are the base change of p-divisible groups D' and E' over k'. 

Let (M', F', V) and (L', F', V) he the Dieudonne modules over k' of D' 
and E' (respectively). We have {M',F',V') ®w{k') W{k) = {M,F,V) and 
similarly for L. Let H' and O' = 0'_^_ © Og ® 0'_ he the analogues of H and 
O = 0+ © Oq © 0_ obtained working with D' and E' instead of D and E. 
We have H = H' ®w{k') W{k) and = 0' ©vi/(fc') W{k). 
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Let X e /O'-E^f' n ((9' \ pO'). Then x eO\ pO. For each rj e W{mR) we 
define j/^ = ?/^^+ + y^^o + 2/??,- G O by the two p-adically convergent series 



oo 



oo 



y,,- = J2F-\r]x^)eO 



i=0 



and by the t-adically convergent series in O' 



®w(k') W{R) C O 



oo 



Vvfi 



The last series converges because (T^\ri) for z — > cxd, so for each n G N 
the series maps to a finite sum in WlR/m^). We have 



We note that for every r] G W{k) the last equation can be solved for y.^ 
(see Lemma [8l6|) and that the components yrf,± are always given by the above 
p-adic series, but in general we do not have a natural choice for o and in 
particular no explicit formula for it. 

The reduction modulo p^o>^ of : M — > L is a homomorphism of trun- 
cated Dieudonne modules {M/p'^''''^M, F,V) -> {L/p^'^''^ L, F,V). Indeed, 
the relation r]x = Foy^oF"^— = oy^pV —yr, gives rjxoF = Foy^—y^oF 
and V orjx = —V o Ur, + Uq^V . As x(M) C p^^^^L, we conclude that F o y^ 
and yrj o F (resp. V o y^ and yr, o V) coincide modulo p^^''^. 

By classical Dieudonne theory it follows that each y.^^ defines a homo- 
morphism Z)[p^-0'^] —>■ E[p^°''^]. The assumption < ^d,e implies that 
the resulting restrictions D\p] E[p] take only finitely many values, which 
means that the reductions of in H/pH take only finitely many values. 
As the assignment ?7 i— > is additive and as vcvr is infinite it follows that 
there exists an element rj = (r^o, r^i, . . .) G W{mji) with ?7o 7^ such that 
VrjeOn pH. 

From the relation y^ ^ O r\ pH we want to deduce: 

Claim. For each n G N the elements F"(xo), -F~"(x_) lie in pH . 

By the definition of O this implies that p~^x = ^^^(2;+ + a;o + X-) G O, 
which contradicts the assumption that x ^ pO. Hence to end the proof of 
Proposition 18.101 it remains to prove the claim. 

Let V = O n pH. We have pO C V C O. Thus V = V/pO is a k- 
vector subspace of 0/pO. Similarly let V = O' fl pH' and V' = V /pO'. We 
have V = V' 0^' ^- For an element b ^ O (resp. 6 G iy(/i;)) we denote by 



r]x = F{y^) - y^. 
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b G 0/pO (resp. b E k) its reduction modulo p. We denote also by F (resp. 
F~^) the cr-linear (resp. cr~^-linear) endomorphism of 0+/pO^ and Oq/pOq 
(resp. 0-/pO-) induced by F (resp. F~^). Let g+ (resp. g_) be the minimal 
non-negative integer such that F'^+{x+) G pO+ (resp. F~'^~(x_) G pOJ). 

An element ^ G 0/pO lies in V if and only if for every /c'-linear map 
w : O'/pO' k' with wiV') = we have [w O lfe)(z) =0. For n G N we 
consider the elements of k' 

a+^n = ti7(F"(x+)), ao,„ = ti7(F"(xo)), a_,„ = ro(F"''(:c_)). 

For n > q+ we have a+,n = and for n > g_ we have a_,„ = 0. To prove the 
claim we have to show that a+^n = flo,n = fl-,n = for all n > 0. 

As eV we have {zu ® 1a;)(|/^) = 0. From the definition of y^j we get 

9+ oo g- 

n=0 n=0 n=l 

This expression can be viewed as a power series in i? = k'[[t\] evaluated at 

— q _q 

the element r^Q of the maximal ideal oi R' = k'[[tP "]]. By Lemma [8.91 it 
follows that we have a_,„ = for > 1 and a+,n + ao,n = for > 0; in 
particular we have ao,n = for n > g+. As F is bijective on Oo/pOo, the 
subspace of Oq/pOq generated by {F"(xo) | n > 0} is equal to the subspace 
generated by {F'^{xq) \ n > Thus we get ao,n = for > 0, which gives 
also a+^„ = for 77, > 0. As x G p^'^-'^H and as < fjj^E < ^d,e we have 
X G pH. Thus = zu{x) = a+,o + clo,o + (^-,o and therefore a_,o = 0. □ 

8.4 Conclusions 

Theorem 8.11. For two p-divisible groups D and E over k we have 

fD,E = ^D,E = gd,e- 
Proof. This follows from Propositions 17.51 18.81 and 18.101 □ 
Corollary 8.12. We have cd^e = ge,d = ^d^^ ,e'J and similarly for f. 

The equation eD,E = ge,d seems not to be obvious from the definitions. 
Proof. This follows from Theorem 18.111 and Lemma 18. 4[ □ 
Proof of Theorem It follows from Theorems 18.111 and 17.31 □ 
Proposition 8.13. We have io^E = ^^^{^d, ^e, ^d,e} and Id,e < '^Dee- 



38 



Proof. We have a direct sum decomposition End(M © L) = End(M) © 
End(L) © Hom(L, M) © Hom(M, L) into ly(fc) -modules which is compati- 
ble with F and therefore which induces a direct sum decomposition Od®e = 
0d®0e®0d,e®0e,d- It follows that = niax{£z), ^£,d}- From 

this and Lemma WM we get dn^E = ^s.x{£ci,£E,iD,E}- By Theorem 11.71 and 
the subsequent remark we have ioeE < fT'D®E- Thus £d^e < ^d^e- CH 

Proposition 8.14. If D and E are minimal then io,E < 1 with equality if 
and only if both D and E are non-ordinary minimal. 

Proof. This is proved in |Va3l Thm. 1.6]. We give here also a direct argument. 
The group Hom(D[p], E[p\) is finite if and only if one of D and E is ordinary, 
so £d,e = fD,E is zero if and only if one of D and E is ordinary. Thus it 
suffices to prove that I^^e < 1 if -D and E are minimal. We can assume that 
D and E are simple. By Proposition 15.171 there are F- valuations w on Mq 
and u on Lq such that = (M^)""^" and L = (Lq)"^°. Let w © m be 
the product valuation on the isoclinic ©-module (M^ © L)q = Hom(M, L)q. 
This is an F-valuation. As and L have valuative W{k)-ha.ses consisting 
of elements with valuation in [0,1), © L has a valuative W{k)-ha.sis 
consisting of elements with valuation in [0,2). Therefore 

(M^ © L){;®")^' C Hom(M, L) C (M^ © L)J;®")^°. 

As the outer modules are stable under either F or and as their quotient 
is annihilated by p, we conclude that (M^ ©L)f C O and iD,E < 1. □ 

9 Values of homomorphism numbers 

In this section we discuss possible values of the homomorphism numbers c^^e 
and the isomorphism numbers n^; the latter is a special case of the former 
by Theorem 11.71 We actually work with fu^E and Ed, which gives equivalent 
results by Theorem 18.111 

9.1 Upper bounds 

We fix p-divisible groups D and D' over k. The dimension, codimension, 
height, and Newton polygon of D (resp. D') are denoted d, c, h, and u (resp. 
d',c', h', and u'). Recall that Theorem 11.41 claims that if D is not ordinary, 
then the isomorphism number ud is at most [2z/(c)J. We will provide an 
upper bound for the coarse homomorphism number fD',D, which will imply 
Theorem 11.41 bv setting D = D'. 



39 



Let d'^ = d + d' he the dimension, = c + c' he the codimension, and 
h+ = h + h' = + d+ he the height of D ® D' . Let z/+ be the Newton 
polygon of -D © D' . Let < ■ ■ ■ < be the slopes of . For each 
j+ G {1, . . . , r+} let z/^t). : R — > R be the unique linear function of slope 
such that for all t G [0, h'^] we have v^it) = max{zAt^(t) | 1 < j"^ < r~^}. Let 
JTd C {1, . . . , r"*"} be the set of indices such that At^ is a slope of 

Theorem 9.1. We have fD',D < max{z/^t|.(c+) | j"*' G Jd}- 

As /z)',z) is symmetric (see Corollary 18.121) . by exchanging D and D' we 
get another, possibly better upper bound of it. For example, if either D or 
D' is ordinary, in this way we get that fD',D = 0, which is easily verified 
directly. Before proving Theorem 19.11 we deduce some corollaries. 

Corollary 9.2. The following inequalities hold 

fD',D < ly^ic^) < i^ic) + u\c') < cd/h + c'd'/h' < c+d+/h+ < h+/A. 

Proof. This is elementary and left to the reader. □ 

Corollary 9.3. We have rini^D = e^'.D = ^d',d < max{z/^(c+) | j+ G J7d}- 

Proof. This follows from Remark 17.41 Theorem 18. IH and Theorem 19.11 □ 

Corollary 9.4. We have fo < [2u{c)\ . 

Proof. For D' = D we have r"*" = r, = 2c. Thus from Theorem 19.11 we get 
that fo = fD,D < max{z/+(2c) \ I < j < r} = z/+(2c) = 2z/(c). □ 

Proof of Theorem \1.4\ It follows from Theorem 17.31 and Corollary 19.41 □ 

Lemma 9.5. To prove Theorem \9.1\ we can assume that D and D' are con- 
nected with connected Cartier duals and that an = ac = 1. 

Proof. This is similar to the proof of Lemma lOl One has to replace Lemma 
12.41 (b) by Lemma [7.61 and Theorem 13.81 bv Theorem 17. Ill (b). U D = D' one 
can also use Theorem 13.91 instead of Theorem 17.111 (b). □ 

Proof of Theorem \9.1[ Let M and M' he the Dieudonne modules of D and 
D', respectively. By Lemma 19.51 we can assume that M and M' are bi- 
nilpotent and that a{M) = a{M') = 1. Let z ^ M and z' G M' he generators 
as E-modules. Let M = E/E\E' and M' = E/E\l/' be the associated presenta- 
tions given by Lemma 15.71 For m G N we have a canonical isomorphism 

Hom(L)'[p""],L)[p™]) = HomE(M7p™M',M/p™M) 

= Ker(^' : M/p'^M M/p'^M) 
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where the second isomorphism maps a homomorphism (f) to (piz'). 

Let m = fo'^D- By the definition of fD',D there exists an infinite set C 
and a subset {xi | / G £} of M such that ^'xi G p^M for all / G £ and such 
that the reductions xi G M/pM of the elements are pairwise distinct. 

We use Notation 15.111 with respect to M, so that = Mq, the slopes 
of are Ai < ■ • • < A^, and for j G {1, . . . ,r} we have Pj = I'j^c). For 
j G {1, . . . , r} let v'- : M ^ R be the maximal linear function of slope \j such 
that we have v'jit) < p'it) for all t G [0, and let (3'j = i^j{c'). This defines 
= (/?;,...,/?;) G W. We note that P' is not the analogue of P for M' in 
place of M. By Lemma [5.81 the polygon u' coincides with u^/ shifted to the 
right by c'. Using (15.11) this implies 

/?; = z/;.(c') = ^^v,^A,(o) = WA,(vI/'). 

As A^'^"'' C pM by Proposition l5.12[ the images of xi in N-/N^^ are all dis- 
tinct. By Lemma [5.51 the operator ^' induces a homomorphism N-/N^^ 
Ar/37iV(/3+/3')+ with finite kernel. Hence ^'x; ^ N'^(^+^''>+ for all but finitely 
many / G £. Recall that m = (m, . . . , m) G M''. As \E''x/ G and p'^M C 

A^^, it follows that A^^ ^ iv(^+^')+. Hence for some index j G {1, . . . ,r} 
we have m < Pj + Pj. There exists a unique j+ G Ji? C {0, . . . ,r'^} such 
that Aj = A^+. By Lemma [HS] below we have Pj + Pj = i^^+{c~^) and thus 
fD',D = m < up{c+). □ 

Lemma 9.6. With the above notations, we have Vjic) + v'jic') = z/^(c^). 

Proof. Let x^ G [0, h~^], x G [0, h], and x' G [0, h'] be the maximal elements 
such that z/, and u' have slope < Xj on the intervals [0,a;"'"], [0,a;], and 
[0,x'] (respectively). Using that x^ = x + x' , c'^ = c + c', and A^+ = Xj, 
we compute up.^c^) — i^j{c) — i^j{c') = i'^+{x~^) — i^j{x) — i^j{x') = z/+(a;+) — 
u{x) - v'{x') = 0. □ 

Remark 9.7. Corollary 19.41 can be proved directly by letting D = D' in the 
proof of Theorem 19.11 Then the last two lines of that proof can be replaced 
by the conclusion < Pj + P'^ = 2Pj < 2z/(c), which avoids Lemma 

Homomorphism numbers have bounded variation under isogenics: 

Proposition 9.8. Let E denote a p-divisible group, and let g : D ^ D' be 

an isogeny of p-divisible groups over k such that p annihilates the kernel of 
g. Then we have \fD,E — fD',E\ < 1 one? If^ — //)/| < 2, thus \nD — nDr \ < 2 
by Theorem \ 7. 
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Proof. Let g' : D' ^ D he the isogeny such that g'g = p ■ l^. We write 
= }iom{D[p% E[p"^]) and H'^ = Hom(D'[p'"], For each m G N 

we have a commutative diagram 



''"m + 2,1 



m+2 



Hi 



w-^ug 



TTl Tm+2,2 ^ 

-"m+2 ^ -"2 



uh^ug 



where p maps a homomorphism m : ^ E[p\ to the obvious composition 
D[p^] D[p\ — > — ^ Let m = fD',E- Then the image of rm+2,2 

is finite by definition of fD',E- As p is injective, the image of Tm+2,1 is finite 
too, thus fD,E < m + 1. By exchanging the roles of D and D' we get 
that \fD,E — fD',E\ < 1. A similar argument (or CoroUarv I8.12p gives also 

\fE,D - fE,D'\ < 1, thus I/d - fo'l < I/d - fD,D'\ + \fD,D' " fo'l < 2. □ 



Remark 9.9. The preceding proposition offers another approach to bound 
from above; see Remark 16.41 For a non-ordinary minimal p-divisible group 
Dq we have n^o = /dq = ^Dq = ^Dq = 1; see |Oo3l Thm. 1.2] and [VaSj 
Thm. 1.6]. Here iog = 1 is proved in Proposition I8.14[ and the rest follows 
by Theorems 18. Ill and 17. 31 Thus Proposition 19.81 (or [VaSj Prop. 1.4.4]) gives 
/d < 1 + 2q£). Together with Theorem 11.61 we get /i? < 1 + 2[z/(c)J. As 
[2z/(c)J < 1 + 2[z/(c)J with equality if and only if [2i/(c)J is odd, this is 
slightly weaker than Corollary 19.41 but we get as close as possible taking into 
account that this approach necessarily gives an odd upper bound. 



9.2 Lower bounds in the isoclinic case 

We assume now that the p-divisible group D over k is isoclinic and continue 
with a discussion of possible values of /z? = £d in this case. 

Let us recall from |Va3] how to compute Ed for isoclinic groups. Let M 
be the Dieudonne module of D and let O C End M be its level module. We 
have O = Oq, cf. Definition 18. 1[ For each integer q let aq{M) be the maximal 
integer and let j3q{M) be the minimal integer such that 

pM^)M C Fm C p'^'^^^^M. 

Let Sg{M) = (3g{M) - ag{M). 

Lemma 9.10. The number 6 q{M) is equal to the minimal integer 6 such that 
/EndM C End(F'?M) as subgroups ofEndiMq). 
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Proof. The optimality of aq{M) and (3q{M) means that the inclusion maps 
pMM)]Yf ^ F'^M and p-'^ii'^^) M"^ {F'^MY have non-zero reductions mod- 
ulo p. This property carries over to the tensor product of the two maps, which 
is an inclusion pMM)-a,{M) ^ _^ End(F''M). □ 

Lemma 9.11 ([^ Prop. 4.3 (a)]). We have (i^ = max{Sg{M) | g G N}. 

Proof. The level module O = Oq is the intersection in End(M)Q of all 
End(FW) for q e N. Thus Id is minimal with End(M) C End(F5M) 
for all g G N. The lemma follows by Lemma [9. 101 □ 

Lemma 9.12. Assume that ao = 1. 

(i) For < q < c we have ag{M) = 0. 
(a) For < q < d we have (3q{M) = q. 

Proof We write M = E/E^ as in Lemma O Let z = 1 + E^ G M. For 
< g < c we have F'^M C M, and F^M ^ pM because F^z is part of 
the iy(A;)-basis T of M defined in Lemma 15.71 This proves (i). Similarly, 
for < q < d we have V^M C M and V^M ^ pM, which is equivalent to 
pm C F^M and p^M ^ pFm. This proves (ii). □ 

We have the following lower bound of io. 

Proposition 9.13. If D is isoclinic with = 1 then ijj > min{c, d}. 

Proof Let q = min{c,rf}. We calculate £d > 6g{M) = /3g{M) - ag{M) = q 
using Lemmas 19.111 and 19. 12[ □ 

Corollary 9.14. Assume that D is isoclinic with = 1 and \c — d\ < 2. 

Then we have Ed = min{c, d}. 

Proof. We have min{c, d} < io \2cd/ (c + d)\ = min{c, d}. □ 

The lower bound in Proposition 19. 131 is optimal: 

Example 9.15. Let D be the isoclinic p-divisible group with Dieudonne 
module M = E/E^ for ^ = F^' + V'^ where cd > 0. Then in = min{c, d}. 

Proof. This is a particular case of [Va3L Thm. 1.5.2]. We give here a direct 
proof. As the W{k)-hasis T of M defined in Lemma 15.71 is annihilated by 
pc+d j^pd Yiave F'^+'^M = p'^M. It follows that = ag{M) + d 

and l3g+c+d{M) = (3g{M) + c/ for g G Z. We also have a_g{M) = -pg{M). 
Thus Lemma 19.121 gives a complete description of Sg{M) for all g, which 
implies that 6g{M) < min{c, d} with equality when g = min{c, d}. Therefore 
Ed = min{c, d} by Lemma 19.111 □ 
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The following optimality result ends the proof of Corollary 11.51 



Proposition 9.16. Assume that v is linear and cd > 0. Then there exists 
a p-divisible group D over k with Newton polygon v such that ii) = [2i'{c)\ . 
(Note that ud = cd = fr, = by Theorems\7.3\ and \8.1i[ ) 



Proof. By passing to the Cartier dual if necessary we can assume that c> d. 
We have z/(c) = cd/{c + d). Let m = [2z/(c)J. We will construct explicitly 
the Dieudonne module of -D to be M = E/E^ for a suitable \E' G E as in 
Lemma 15.71 Let z = 1 + E^^ G M. By Corollary 19.41 and Theorem 18. IH in 
order that = m it suffices to show that in > rn. 

We will show that \E' can be chosen such that M is isoclinic and there 
exists X & M \ pM with F^x = p"^z. This implies that l3c{M) > m. By 
Lemmas 19. 1 II and 19. 121 we get In > Sc{M) > m as required. 

It remains to construct \E' and x. If c = d, then m = c = d and we can 
take = + and x = V^z (or use Corollary I9.14p . If c > d, then we 
can take ^ = + $ + I/'^ for 

<|) _ p2d-m pc-2d _ ^c-mY2d-c 

A priori $ is an element of D = E ® Q, but actually $ lies in E (as m < 2d 
and m < c). We take x = —{jf^~'^F'^ + V'^)z. It is easy to see that as '^z = 
we have F'^x = p^z. Asm > d and c> d,we have x G M\pM. The Newton 
polygon of M is linear of slope A = d/{c + d). Indeed, as the exponents of F 
in \E' satisfy c> c — 2d > —d, this is equivalent to 2d — m > 2dX (cf. Lemma 
15.81) and thus m < 2cd/{c + d) which obviously holds. □ 

Example 9.17. More generally, for each integer m with min{c, c?} < m < 
\_2cd/{c + d)\ there exists an isoclinic p-divisible group D with io = f^i- 
Indeed, we can assume that c> d and that m < \2cd/ {c+d)\ . Define D such 
that its Dieudonne module is E/E^ with = F" + p'id-mpc-2d _^ yd_ r^j^^^ 
the proof of Proposition 19.161 gives io > m. We prove the other inequality 
= fn ^ ^ using the method of the proof of Theorem 19. 1[ 
Let w be the minimal F-valuation of slope X = d/ {c + d) on N = Mq. 
Let p = cd/{c + d). Let ijj : M ^ M/p'^+^M be induced by ^. We say that 
a subgroup of M has infinite reduction if its image in M/pM is infinite. 

Assume that /^i > m. This means that Ker-?/; has infinite reduction. 
As p^+^M C A^'">™+i and as wa(^) = (3, using Lemma Eg] it follows that 
the kernel of the restriction ip' : M n N^>m+i-P _^ M/p'^+^M has infinite 
reduction as well. Thus the kernel of the induced map ip" : Mfl A^"'-'""'"^^^ 
M/{p'^+^M + N'">^^) has infinite reduction. If we identify M with W^kf'^'^ 
using the basis T defined in Lemma 15.71 then the map ip" defined for \E' is 
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equal to the analogous map ipQ defined for \E'o = F'^ + V'^. This is true because 
wa($) + m + 1 - /3 > 2/5, which holds as wa($) = 3/3 ~ m. 

We continue with Mq = E/E^q. Let ^ = 1 + E*o e Mq. As before let 
w be the minimal F- valuation of slope A on iVo = (Mo)q. Let Mi = \l/o(Mo) 
and Ma = p'^+^Mo + Nq^'^'^ . It is easy to see that Ms C pMi, using that the 
elements {p'F''-'z)o<i<d, (p'^-F^2;)o<j<c-d, and (p*V'"'"*2;)o<i<d form a basis of 
Ml. By the previous paragraph, the kernel of the map \E'o : Mq M0/M2 
has infinite reduction. Thus the kernel of '■ Mq Mo/pMi has infinite 
reduction, and the kernel of \E'o '■ Mq/pMq — ^ Mi/pMi is infinite. This is 
impossible. Therefore we have Id = fo ^ 

9.3 Possible values of isomorphism numbers 

For a non-ordinary Newton polygon v let jK, be the set of all possible values 
of riD = cd = fo = (^D for p-divisible groups D with Newton polygon z/. We 
make two fragmentary remarks on the structure of cA^^,. First, as two isoge- 
nous groups can be linked by a chain of isogenies with kernels annihilated by 
p, in view of Proposition 19.81 the difference between two consecutive numbers 
in is at most 2. In certain cases we can say more (cf. Proposition 16. 2p : 

Proposition 9.18. Assume that [2z/(c)J is odd and lies in jYy. Then ,jYy 
contains all odd integers between 1 and [2z/(c)J . 

Proof. Let m = [z^(c)J. We choose D such that = [2z/(c)J = 2m + 1. By 
Theorem II .61 there exists a chain of isogenies D = Dm ■ ■ ■ ^ Dq such that 
all consecutive kernels are annihilated by p and Dq is minimal. As = 1 
(resp. fo = 2m + 1), for each z G {0, 1, . . . , m} we get from Proposition 19.81 
that /d, < 1 + 2i (resp. /d. > 1 + 2i). Thus /^^ = 1 + 2i. □ 

9.4 The principally quasi-polarised case 

Let D be a p-divisible group over k of dimension d equipped with a principal 
quasi-polarisation X : D ^ D^] thus c = c? > 0. The isomorphism number 
^_D,A of {D, A) is the least level m such that {D[p^]^ A[p™]) determines {D, A) 
up to isomorphism. It is proved in |GVl Subsect. 7.3] that n^ x < ud if 
p > 2 and n^^A < + 1 if p = 2. If D is not super singular, then Theorem 
11.41 implies that ud d — 1. IfDis supersingular and d > 0, then we have 
'nD,\ < by |NVll Thm. 1.3]. Together we get in all cases: 

Corollary 9.19. We have ud^x < d. 

This bound is optimal by [NVll Example 3.3]. 
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9.5 The number 

Recall that is defined in Section [2] as the minimal number such that for 
all D and E over k of height at most we have eD,E < Nh- 

Proposition 9.20. We have = [h/2\. 

Proof. By Theorem 18.111 and Corollary 19.21 we have < h/2. By Example 
19.151 there exists an isoclinic p-divisible group D of slope 1/2 and dimension 
[h/2\ with fo = [h/2\; its height is 2L/i/2j < h. As we have cd.d = fn by 
Theorem ISTTl we get that Nh > [h/2\. We conclude that A^^ = [h/2\. □ 

Remark 9.21. In the last proof the reference to Example 19. 151 can be replaced 
by |NVH Example 3.3] if we use that fn = riD. 
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